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Levi ben Gershon (1288-1344) was a gtaefihid hakhamas well as one of the great secular thinketio§eneration. His
rationalist ideas were ahead of their time, andweit received by many in his own Jewish communiye present an overview of
his mathematical work with a detailed example odr@ bit of mathematics from his commentaryTamakh The portion presented is
a discussion on the value gf which hints that Levi understood thaits irrational. The discussion also implies a fatanfor
calculatingrzfrom personal body measurements, relatirig the ratio of the length of one’s arm to theginof one’s hand.
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Introduction

Levi ben Gershon (1288-1344), rabbi, philosopher, astrenanientist, biblical commentator
and mathematician, was born in Provence (South Francdiyaddhere all his life. Through his writings,
he distinguished himself as one of the great mediei@htssts and a major philosopher. He wrote more
than a dozen books of commentary on the Old Testamergjos philosophical worlilHamot Adonai
(Wars of God), a book on logic, four treatises on mattiies) and a variety of other scientific and
philosophical commentariesMilHamot Adonaihas a long section on astronomy, including: a subsection
on trigonometry, original theories on the motionta moon and planets, a discussion ofcdrmera
obscura,and the invention of the Jacob’s Staff - a devioméasure angles between heavenly bodies used
for centuries by European sailors for navigation. A cetepbibliography on Levi and his work can be
found in Kellnet.

Much of Levi’'s mathematics and science was aheats tifiie. In particular, the material on what
we now call discrete mathematics and combinatowes, unlikely to have been appreciated by his
audience. Furthermore, Levi's audience was restricediyrto Hebrew readers. Although some of
Levi’'s works were translated by Christian scholars krgtin even during his own lifetime, most of his
work was available only in HebrewTherefore it is not so much of a surprise that lestientific
influence was limited.

Levi wrote exclusively in Hebrew, and scholars beliévat he did not read Greek, Latin or
Arabic. The evidence is from a list of books in his peastibrary which has survived. All the books are
in Hebrew, including Hebrew translations of manyaenaicientific and philosophical works available at th
time. The works of Euclid in particular are listed, vwhie references many times in his own work. The
list of books is in Levi’'s own hand, providing the only knovample of his handwriting. Besides this list,
all other extant manuscripts of Levi are copies by Isteibes.

" This work was sponsored by Grant STS-9872041 from the N&Gmience Foundation. Work was done
while the author was on sabbatical at the Hebrewéssity in Jerusalem. Thanks go to Tzvi Langermann
and Victor Katz who introduced me to this topic, and toramngimous referee who made careful and
helpful suggestions.



Although Levi is well studied today, his influence amdegs in his day was limited. Among
Jews in the 1% century, Levi, also known as tRalbag was a controversial figure because of his
rationalist philosophy, which foreshadowed the Renaigshpewo centuries. Levi was a deeply
committed Jew with a rationalist viewpoint, who dut fit in well in his own era. His philosophical works
were unpopular and even shunned by some. For exampheajusphilosophical workiViiiHamot Adonai
(Wars of God), was dubbed by critidgilHamot Im Adonai{Wars with God). Today, thRalbagis well
accepted by thdati community. His commentary ddiakhis included in most editions Mikraot
G'dolot, and editions of his commentary on fharah as well as his scientific, philosophical and
mathematical works are available.

Levi's Life and Times

There is little information about Levi's personatléxcept that he came from a family of scholars
and learned men. In the literature, one can find mefeyences to possible identities of his immediate
family, however most of these are not completelgil@ighed, and some information is speculative or
wrong. As an exercise in critical reading, the readeuls! try to find inconsistencies in the information
that follows, complied from a variety of sources. Lswrother was physician to the Pope in Avignon.
Their father was Gershon ben Shlomo of Arles, a Prcescientist famous for his comprehensive book on
natural science calleshaar HashamayirfThe Gate of Heavén (This book was the standard text on
natural science for centuries among Hebrew readeesi)slgrandfather was Levi ben Abraham, who
wrote an eclectic and eccentric book on philosophtitigm, ethics, astrology, science and mathematics
calledBottei HanefesliHouses of the Soul), in which the mathematics is ptedaiternately in verse and
in puzzle form. Levi’s other grandfather was the Spanish philospphd Biblical scholar Ramban
(Moses ben NaHman, a.k.a. NaHmonides)

The careful reader will note that if Levi's father waslly GershobenShlomo (Gershon son of
Shlomo), then at least one of his grandfathers shoulg been named Shlomo, and not therefore Abraham
or Moses. Hence the information above is not cosrsistlt is ironic that in a culture where names are
identified by a person’s father, we know so little fertain about such a great scholar. It is without a
doubt, however, that he was surrounded by scholars fartnéy.

There is little established information regarding t®wccupation, whom he influenced, who
influenced him, or what he was like as an individuals kriown, however, that he corresponded with
important Christian scholars, and that he had a schatlidénts or followefs He dedicated his book on
trigonometry to Pope Clement VI, and he was commgsidy Phillip of Vitry, Bishop of Meaux, to write
his bookOn Harmonic Numbersvhich was immediately translated from Hebrew tarLatHe was
referred to as Leo Hebraus or Maestro Leon by his timisolleaguesRal BaG(the capital letters stand
for Rabbi Levi Ben Gershon) by Jewish Biblical delns, and Gersonides by modern scholars. Gersonides
(pronounced Ger-Son-i-Dees) for Levi ben GershorkésMaimonides for thRaMBaM Moses ben
Maimon. It is a commofsrecificationof Jewish names.

Life for Jews in most of 14th century France was verficdit. France (and most of Europe) at
the time was a collection of semi-independent regions (hhwks, city states, Papal states) which were
often at war with each other. The King of France lsa@se control over all the provinces but local oaint
varied. The 1% century was a period of economic hardship, plaguesamnimés. In most of these
regions, Jews were blamed for everything from the badamy to the Black Plague. Jews were expelled,
libeled, tortured and killed. It was only in Proverthat life was relatively good. In Provence, thpeo
was self-exiled in a large city called Avignon, wherghatected the Jews and allowed them to live with
little or no oppression. There were 15,000 Jews fhcesitury Provence out of a total population of
approximately two million. Jews worked as money lendggsicians, craftsmen and merchants.
Agriculture and farming was not a political possibifity them due to legal restrictions on who could
control land.



Highlights of Levi’'s Mathematical and Scientific Work

We now outline Levi's mathematical and scientific cdnittions, concentrating on his major
mathematical worlMaaseh Hoshewgnd concluding with a rare and interesting example of htk@matics
from his commentary on thEanakh

This list exhibits the diversity and scope of Levi'ery; while providing an overview of his
mathematical and scientific accomplishments.

The earliest rigorous use of mathematical induction.

Pioneer work in the field of combinatorics.

A commentary on Euclid including an attemppedof of the %' postulate.

A treatise on trigonometry.

An elementary proof that the only pairs of harmonic lmens: (numbers in the formi@) that differ by
1 are the pairs (1, 2), (2, 3), (3, 4) and (8, 9).

Important astronomical observations and theories aheunotions of the moon, earth and sun.
Invention of the Jacob’s Staff, a device to measugiea between heavenly bodies, which was used
for centuries by European sailors for navigation. Fidudepicts the use of the device, without
showing the detailed and complex measurement markings ¢natetched upon it.

8. Description of the principles of tlvamera obscurédark chamber), the forerunner of our modern
camera.
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Figure 1. The Jacob’s Staff, as illustrated’ire Mariner's New Calenddry Nathaniel Colson
(London 1953), page 64.

Levi's Mathematics
Levi's mathematics comprises four major works.

1. Maaseh HoshevLevi's first and largest mathematics book is extamvimeditions, the first completed
in 1321, and the second in 1322.

2. A commentary on Euclid was completed in the early 1320’s

3. De Sinibus, Chordis et Arcubuwstreatise on trigonometry MilHamot Adonaj was completed in 1342
and dedicated to the Pope.

4. De Numeris Harmonicissompleted in 1343, was commissioned by Phillip de Vitryh&psof Meaux.



Maaseh Hoshev

Maaseh Hoshev (The Art of CalculatiphB21, is Levi's first book, and a major mathematical
work which deserves a detailed discussion. It is bestikrdor its early illustrations of proofs by
mathematical inducticn

The name comes fro®hematthe Biblical book of Exodus, where the phrase is usecdhinreber
of different places to describe the type of work neeggsaconstruct thenishkanor tabernacle. Although
it literally means “A Work of Calculation”, its true raeing is more subtle.

Exodus 26:1
Moreover thou shalt make the tabernacle with ten curtains offiiséed linen, and blue and
purple and scarlet: with cherubims @inning work shalt thou make thefn.

Exodus 39:2-3

And he made the ephod of gold, blue, purple, and scarlet, and finedhlifgtn. And they did
beat the gold into thin plates, and cut it into wires, to wbitk the blue, and in the purple, and in
the scarlet, and in the fine linen, withnning work.”

Thiscunning workis in contrast with other types of work in the constamtwhich are referred to
by the skill required, such asaaseh rokerfthe work of an embroidereryaaseh oregthe work of a
weaver),maaseh harasfthe work of an engraver), anthaseh avofthe work of a braider). The intention
is thatmaaseh hoshadenotes a skill that requires more than just techniciforanship. It is the skill of
an architect: requiring thought, cunning, planning and aicnl. Perhaps this is why Levi chose it for
the title of his book.

The title is also play on words for theory and pgtiMaasehcorresponding to practice and
Hoshewvcorresponding to theory. Levi writes in his introduatio the book:

“It is only with great difficulty that one can master the aftcalculation, without knowledge of the
underlying theory. However, with the knowledge of the underlgegry, mastery is easy... and
since this book deals with the practice and the theory, wetddfiaseh Hoshev”.

Maaseh Hosheis a major work in two parts. The first part is #ezion of 68 theorems and
proofs in Euclidean style about arithmetic, algebra antbawatorics. (Levi lists Euclid books 7-9, as
prerequisite reading). The second part, about 10% longethtbdinst, contains algorithms for calculation
and is subdivided into six sections:

Addition and Subtraction
Multiplication

Sums

Combinatorics

Division, Square Roots, Cube Roots.
f. Ratios and Proportions.
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Section f is followed by a long appendix of problems wiitsblf comprises about a third of part
two, and a fifth of the entire book. A critical editiohMaaseh Hoshewith a translation to German was
completed by Landén 1909, but it is missing the section of problems coteple A critical edition of the
problem section can be found in my worlOther papers oMaaseh Hosheinclude discussions of its
content and its use of mathematical inducfion



The Problem Section oiMaaseh Hoshev

My own work has focussed on the neglected problem seegitaoh until now had remained
unpublished, and which due to scribal errors and a fevedliffsections, had probably not been read
completely by anyone in hundreds of years. The problavispresents are interesting not only for their
mathematical content, but also for the light theyefbn the culture and lifestyle of Levi's home. He
often refers to particular wages, prices, currencycangimerce in his problems, confirming economic
details of his life and times, not otherwise easilyftmed.

The unifying theme in the problems is proportions. i lLses this theme to solve a variety of
puzzles and problems, most of which can be reduced totameous linear equations. A simple example
of one of these problems is the famous recreatiomedlgqzroblem, where one is given a barrel with a few
holes, each of which can empty the barrel alone ineng@mount of time. The question is how long does
it take to empty the barrel if all the holes are @ukat once?

In the course of my research, | discovered that there actually two editions dflaaseh Hoshev,
a fact previously unknown. One edition was completedissax 1321 and the other in Elul 1322. Levi
was known to have published successive editions of his stientific work, so this discovery is exciting
but not surprising. There are some major differsrbegween the two editions, showing that Levi saofit
edit and republish some of his work, providing evidehe the had an avid audientce.

Today there are twelve remaining manuscriptdlafseh Hoshewine of edition one, and three
of edition two. They are located all over the worldewNYork, Moscow (2), Parma (2), Munich (2),
Vienna, London, Paris, Jerusalem, Vatican. Most are dimterthe 1% century and were copied in either
Italy or France, after Levi died. There may stillrbere copies buried in some old dusty basement or
obscure library; but more likely, any other copieshére were any, have been lost or destroyed over the
years. In fact, of the twelve manuscripts that remrmawst are incomplete. It is common for the firstast
few pages to just fall off. Worm holes can leave mgi@ph unreadable. The pages can just turn yellow or
brown and deteriorate. Handwriting, script styles, macgmments, watermarks, paper quality and ink
quality are all clues in determining the provenancerofauscript and its history, but the clearest
indication of the date of publication is the colophon.

Although a manuscript generally had no table of contanitsde, it often had a colophon. This
is a short paragraph at the very end of the manusittgsttifying the author and the date, and providing a
brief conclusion to the work. Unfortunately, it is ettg these last pages that tend to fall off and gt lo
Nevertheless, there are a number of manuscripts bothefidion one and edition two that bear colophons.
One manuscript dflaaseh Hoshefrom the Ginsburg collection in Moscow, bears a colophatreads:

NN TAY ORD NYNNNY LI90N NY DHWI HNOVYNIY INNND N OWIYN YW DOY)
NIV TN OWOIVN GONRND VIAD DNV DINNY MY DY DION YTINA yNNOYN

The sixth section of this part is now complete, and wittoitgptetion, the book is finished. All
praise goes to God. Its completion was in the month of Elul &@Xfgear of the sixth millenium.

This colophon represents the second edition and potidedate of publication as Elul 1322. It
is a bit hard to read because it is written in Provesigdg script. The first edition colophon (not shown)
includes a reference to Levi's age (33) at the time ofigation (1321), giving us documentation of his
year of birth (1288). Worth noting is that the colophothésonly place in the book where Levi mentions
his faith in God. Otherwise he does not mix his mathiesand religion.

Figure 2: The Colophon from the Moscow Manuscrigtflaseh Hoshev



Levi's Commentary on Euclid

Levi's commentary on Euclid, like all his work, was tten in Hebrew. He had access to Hebrew
translations of Euclid which were readily available irt fheriod*? In his commentary, Levi defines an
infinite straight line (and plane) and distinguishesvieen natural bodies which are necessarily finite, and
mathematical entities (numbers, lines etc.) whichlminfinite.

The most interesting part of his commentary is an gteanprove the fifth postulate of Euclid,
theparallel postulate. Attempts to prove this postulate were comamawidespread for 2000 years, until
the 19" century when it was proved that the fifth postulaiadependent of the other four postulates, and
hence could not be proved or disproved using just thefdinstpostulates. Levi's proof is of course
flawed, yet quite ingenious just the safne

De Sinibus, Chordis et Arcubus

This work represents a section of the 136 astronomiegitets from Levi's great worlilHamot
Adonai. It was translated into Latin and circulated separatetier the titldDe Sinibus, Chordis et
Arcubus, item Instrumento Revelatore Secretorlile content of the work is an introduction to
trigonometry and a description of the Jacob'’s staffreastronomical instrument.

Levi introduces the sine amgrsine(cosine) functions but does not mention the tangerttifon.
He describes a method for deriving a sine table amvals of 15 His methods are based on the
fundamental trigonometric identities and theorems tawglaytin high school. These include formulae for
the sine and cosine of the sum of two angles, tifereifce of two angles, half an angle, complement of an
angle, and the related Pythagorean identities. Of cdues#etails of his book would look strange to a
modern reader, because he (as everyone else in trat)pefers frequently tohordswhich are straight
lines subtending an angle, and not just to the angle itself.

It is notable that the rigor and precisenesslaéseh Hosheare also present in the theorems,
proofs, table compilation and calculation<D&f Sinibus, Chordis et Arcuhugurther details on this work
can be found in a number of placés.

De NumerisHarmonicis

This book was written in 1343, a year before Levi dietheatrequest of Philip de Vitry, Bishop of
Meaux. Presumably, Levi's reputation among Christianlachavas by this time well established even in
northern sections of France.

The work is relatively short and Philip immediatelyhgtranslated from Hebrew into Latin. The
original Hebrew is now lost.

Philip was a musicologist interested in numbers of thm 3™ called harmonic numbers. In
particular, he was interested in pairs of these numbdesoticed that the musical interval of an octave
represents a 1:2 ratio in frequencies, whififtla interval represents a 2:3 ratidiaaurth interval represents
a 3:4 ratio, and a whole note interval represe®t8 aatio. He asked Levi to prove (or disprove) thas¢h
four pairs of harmonic numbers are the only pairs eitee two numbers differ exactly by one.

Levi's proof is elegant, rigorous but longwinded. It isthaoing into details because the main
idea is both comprehensible and compact. It providgisrgse into Levi's genius. Here is a brief
sketcH?®:

Levi first proves that if both of the numbers haviactor of two then the difference between them
must be at least two. Similarly if both have a factathree then their difference must be at least three.



Therefore, he only considers pairs of numbers wheedoa power of two and the other is a power of
three.

He then proves that when a power of three is divided by,aidbaves a remainder of one if and
only if the power is even, and a remainder of thremd only if the power is odd. He notes that when a
power of two is divided by eight, it leaves a remaindena, two and four for those first three powers, and
zero for eight and higher. You will see where hiegaded with this in the next paragraph.

Levi then analyzes all possible cases by considerfraghver or not the power of three is one less
or greater than the power of two.

a. If the power of three is one less than the powerafthis can be only one of two cases:
(1,2) and (3,4). This is because all powers of two grélaser four, have a remainder of zero
when dividing by eight and there are no powers of thrée awemainder of seven.

b. If the power of three is one greater than the pofvero, and if the power of three leaves a
remainder of three after division by eight, then the oabe is (2,3). This is because two is
the only power of two that has remainder two afterdilng by eight.

c. Ifthe power of three is one greater than the pafvewo, and leaves a remainder of one after
division by eight, then at first glance it seems that¢ are an infinite number of possible
cases, namely all powers of two greater than or equdid. Levi reduces the infinite to
one. He reminds us that if a power of three leaves aineler of one after division by eight,
then the power must be even. Since we assumed thatvilee gicthree is one larger than the
power of two, we get®— 1 = (3 —1) (3 + 1) must be a power of two. This means that a
power of two must equal the product of two powers of twodkfer by two. But the only
two powers of two that differ by two, are two and folihis gives 3— 1 = 8, and the last
possible pair is therefore (8,9).

The sketch above omits all of Levi's rigorous detaild proofs, and is not completely faithful to
Levi's argument, which of course used no modern algebraicieqsatr notation. However, it does
present the main points in the book and conveys to thereasense of Levi's ingenuity.

Levi's Mathematics in his Commentary on theTanakh

It is interesting that Levi's Biblical commentary folis a pattern similar to the structure of
Maaseh Hoshevin Maaseh Hoshewnhe begins with theory and ends with practical appboati In the
Tanakhcommentary, he starts with interpretation and endsWaaliyot, practical lessons for life based on
his interpretations of the text. His mathematicslyazentains spiritual discussions, and his Biblical
commentary does not often contain mathematics, bre that least one notable exception.

Levi on the Yam shal Shlomo

There is a well known passage in the Bible that seenmsgly that the value of the ratio of the
circumference of a circle to its diameter, is prdgitferee. The passage describegain which the priests
would wash themselves. Thisais more like a great bathtub inside the Temple in whietkdhanim
could purify themselves before performing ritual funcsion

Kings | - 7:23
And he made a molten sea, ten cubits from the one brim tthire @ was round all about, and
its height was five cubits: and a line of thirty cubits ctithpass it round abotit.

This certainly seems to imply thatis simply 30/10 = 3. Yet the ancient Egyptians and
Babylonians knew better than this. Their valuesiforere 4(8/9) = 3.16049... and 3 + 1/8 = 3.125,
respectively. The Rabbis writing in the Talmud (300-600 C.E.), in theicassion of this passage, noted
that this Biblical value of 3 isdy way of approximatidn



Levi ben Gershon the faithful rationalist and bibliseholar, inspired by the Talmudic discussion
in Tractate Eruvin (Daf 14), writes:

And where it is said that a line of thirty cubits surrounaltibut, is by way of approximation.
Because the circumference of a circle adds about 1/7 to thrasunes of the diameter, a close
approximation®.

Levi asserts that the original biblical quote is takahof context, and that the whole matter can
be explained quite logically. He points out that the seaahthick wall, and the diameter was measured
from the edges of the outside of the walls, while th@umference was measured around the inner walls.
Indeed if we look just three verses ahead, we find:

Kings | - 7:26
And it was an hand breadth thick, and the brim thereof was wrougtthlkbrim of a cup with
flowers of lilies: it contained two thousand baths.

Levi comments:

And if we say that the measurement around was taken on the ingiéebakin, then that would

be closer to the truth, but still just a close approximati8mce the width is an hand breadth , the
diameter of the inner edge of the basin is ten cubits lesthvdeof a cubit. And its

circumference will be approximately one and one third cubits thare thirty cubits

A Cubit is Six Handbreadths

The Talmud sets the ratio of cubit to hand breadth&s A cubit is the distance from the elbow
to the end of the middle finger, and a hand breadth idifitence across the widest part of the hand.
Ostensibly this ratio depends on each particular indiiddawever, for purposes of legal measurements,
the Talmud after a brief debate, establisheh#takhikratio of cubit to hand breadth, as 1:6. A careful
look at Levi’'s argument shows, not surprisingly, thatoo uses this ratio. Using this 1:6 ratio, Levi
derives thattis equal to 30/(16 1/3) = 90/29 which is approximately 3.1034, see Figure 3. iJlmsleed
in his own words €loser to the truth but still just a close approximatioin general, Levi's idea yields
thattequals 30C/(10€ 2H), where C is the length of a cubit and H is thgtlerof a hand breadth.

Figure 3. Schematic of the Sea Looking Down froniTtbe.

If we do not use thkalakhikratio of 1:6, but instead measure one’s own hand tiresd arm
length, we can calculate a personal approximatiomrfmased on Levi's interpretation and one’s own body
measurements. For example, my own cubit is 45 cm artthmy breadth is 9.2 cm. This implies that my
personal approximation foris 30(45)/(10*45- 2*9.2) = 1350/431.6 which is about 3.128. When | let my
students try this, some like to relate the accuracyesf #pproximation forz to the perfection of their
body dimensions, but clearly Levi intended to use tBeadtio and would not likely approve of this
irrational amusement.



Did Levi Know that sris Irrational?

Whether or not Levi suspected thras an irrational number, a number that cannot beemrias a
fractiona/b, makes for an interesting discussion. Levi would neveke a mathematical claim without a
rigorous proof to back it up, and he certainly does nétenaay explicit claim thatris an irrational
number. This is not surprising considering that the firsof thatszis an irrational number was by
Lambert in 1767, more than 400 years after Levi. On ther dtand, Levi was certainly aware of
Aristotle’s proof that/2 is irrational, and Levi's repeated use of the phtasgose approximation”giruv
me’at,makes one suspect that he beliewmsl also irrational but that he had no proof. Anelingent
argument or speculation on this point needs to be based onmvertkaow historically about mathematical
knowledge in Levi's time, and on his particular use of lagguarhere is of course no definitive answer.

The Volume of theYam

Levi is not done yet with this section. He goesrothe next paragraph of his commentary to
discuss the shape of the basin given that it held “two #malibaths”. He relies on his Talmudic
knowledge of the ratios of biblical units, the Talmudiscdission in Eruvin 14, and on the Biblical text.

Kings | 7:25-26

It stood upon 12 oxen, three looking toward the north, and three loakivegd the west, and
three looking toward the south, and three looking toward the east: anddhess set above upon
them, and all their hinder parts were inward. And it was an hand brehidtn tind the brim
thereof was wrought like the brim of a cup with flowers ofslilié contained two thousand baths.

Levi comments:

And the fountain was circular only on the brim, but below it sepsare shaped. And this is clear
because of the volume it held, two thousand baths. A bath isstiiede as it is written: the eifah
and the bath hold the same volume. And since the Sages have taughéthgbne by three
cubits contains forty se’ah, so we have that two thousand baths wiighthsusand se’ah, holds
four hundred and fifty times a one by one by one cubic cubit... Andithiger of cubic cubits in
the top cubit is approximately seventy four. But if this caatirfor the whole five cubits, there
would be approximately only three hundred and seventy, which is agbtyt ®o small
compared to what we mentioned earlier. And so it is necesshgyve some of the cubits be
square... And the Sages have said that the bottom three cubis sefa were square, and the top
two were circular. And this confirms our own calculations appnakely. Furthermore, it is
more consistent with the description of the oxen on which the sesting, where there are three
to each side.

In this last paragraph, | translated only enough to maké&l#a clear. Had | translated it
completely, it would prove to the reader what Goldstetesim his translation of Levi’s AstronoAtythat
although his content sparkles with originality, Levi writes in a porudes Hebrew styfe

To summarize, Levi calculates that the volume of 28@Bsmakes sense only if the top two
cubits are circular, and the bottom three are square shéfgesupports this view mathematically, by
converting the units and calculating volumes; and agésdig, by noting that the description of the oxen
on each side makes more sense if you really biales

He notes that 2000 baths is the same volume as 450 culig: cBimce there are six hand
breadths in a cubit, the diameter of the circle atdpeof the sea is 18 1/3, hence the volume of this top
cubit is 7610 — 1/3)/2f, which equals approximately 74. Five cubits of thisssestion would give 370
which is 80 short of what we need. Hence Levi agrétstine sages that only the top two cubits had a
circular cross section, but the bottom three had arsquass section.



In fact, the volume of the top cubi¢10 — 1/3)/2¥ equals more like 73.4. To get 74 Levi had to
use a value aft equal to approximately 3.1676. This estimate is a biit, vidpile the estimate he derived
before was a bit low. It seems he was just approxigat order to make the number of missing cubic
cubits a nice round 80. Note that his calculations regeatedly make use of the wangproximately
implying once more that he knowsdoes not have a precise fractional value.

How close is the volume of the sea to 2000 baths, assureui'g shape is correct? The volume
in cubic cubits would beZ(10 - 1/3)/2¥ for the two cubits with a circular cross section, [B(E0— 1/3Y
for the three cubits with a square cross section, hgtalpproximately 427.1 cubic cubits. Since three
cubic cubits are 46e’ah,and threese’ahis onebath the volume is approximately 1888ths If Levi
hoped to get closer to the 200&ths he would need to have the circular cross sectiomlyeabout .86
cubits high, and the square cross section 4.14 cubits Rigisumably he was well aware of this, but could
not find anyHazalto back him up, hence he went with the best he couit] fiamely two circular and
three square, and warns us that it @dpfirms our calculations approximately.

There are other opinions of how to calculate the volofitee sea. The variables include: the
number of handbreadths in a cubit (5 or 6), the value usetd &oid the interpretation of the phrase “And it
was an handbreadth thick.” For example, if ONLY the waflihe circular cross section were a
handbreadth thick, then we must subtract off the 1/3 orthyartircular cross section but NOT in the
square cross section, and the volume is approximately 300 8 2486.8, a great deal closer to the
correct numbér.

Note that the picture in Figure 4 does not bear a gooddgseto thgamas Levi describes it,
because there is no indication of a square cross sectiavhere.

Figure 4. Artist's Rendering of the Sea, as showHistory of 77by Petr Beckmann, (New York,
1971), page 16.

Conclusion

Ralbag was a genius atalmid hakhanwith a broad range of interests. His influence wasasot
great as it might have been, due to the complexity addhislarship, his longwinded writing style and his
rationalist philosophy. His rationalist views made leiontroversial in his own time, but anticipated some
of the important philosophical dilemmas of the observant in the 20 century. He did not usually mix
his religious and scientific writing, but did not hesitattelo so when the opportunity presented itself. His
emunahgoexistent with his analytic rationality provides a modaiodel for the observant Jew.
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Notes

! Kellner, MenachemAn Annotated List of Writings by and about R. Levi ben GersinoBad Freudenthal
(ed.),Studies on Gersonides-A 14th Century Jewish Philosoph&cientist, Leiden: Brill, 367-414 (1992).

2 Davidson, Israel.evi ben Abraham ben Hayim, A Mathematician of the XllIthwg, Scripta Mathematica
6,57-65 (1936).

% Most of these claims are unsubstantiated. See Epmdila Judaica, Volume 11, Macmillan and Company.
91-94 (1971). The Ramban (NaHmonides) claim appears in: nS@&¢orge|ntroduction to the History of
ScienceVol. lll, pt.1, Washington: Carnegie Institute, 594-607 (1947).

* Glasner makes a good case for this in: Glasner, Ratiiben Gershom and the Study of Ibn Rushd in the
Fourteenth CenturyThe Jewish Quarterly ReviglhXXXVI, Nos. 1-2, (1995), 51-90.

® The early use of induction was first pointed out by Rabitonn: Rabinovitch, Nahum LRabbi Levi ben
Gershon and the Origins of Mathematical Inductidr;hive for History of Exact Sciences§, 237-248
(1970).
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8 Lange, GersorSefer Maassei Chosheb-Die Praxis des Rechners, Eirbheeisch arithmetisches Werk
des Levi ben Gerschom aus dem Jahre 132ranfurt am Main: Louis Golde, (1909).

° The critical edition will appear as two papéFee Missing Problems of GersonidésCritical Edition, Part |
and The Missing Problems of Gersonide<ritical Edition, Part I in consecutive issues of Historia
Mathematica (2000).

19 A very comprehensive paper in French is: Chemlan€aaind Pahaut, Serggemarques sur les Ouvrages
Mathematiques de Gersonide,Gad Freudenthal (ed Jtudies on Gersonides-A 14th Century Jewish
Philosopher-Scientist,Leiden: Brill, 149-191 (1992). Victor Katz discusses Levi iKatz, Victor J.,
Combinatorics and Induction in Medieval Hebrew and Islamic Mathemati®Ron Calinger (editor)ita
Mathematica: Historical Research and Integration with Teating, Mathematical Association of America,
99-107 (1996), and in his text on the history of Mathematicz, Kacttor J.,A History of Mathematics: An
Introduction , Harper Collins, (1993). A joint paper of mine with Tk@ngermann concentrating on algebra,
square roots and cube roots will appeaviathematics Across Cultures: A History of Western Matties)
editor Helaine Selin, Kluwer Publishing (2000).

1|t appears that students of Levi may have critiqueditsieetition to help produce the second edition.
The interested reader can find the complete text withlators and detailed commentary in my work to
appear in Historia Mathematica, see note 9.

2 Indeed a Hebrew translation of Euclid is on the litisfpersonal library books. The list is the only
extant sample of Levi’s own handwriting. The remainddri® extant works are copied by students,
scribes or translators. The list can be found in tieedfilmed Manuscripts of the Jewish National Library
at Hebrew University on Jerusalem.

'3 There is not enough room here to do justice to thefprFor details please see: Levy, ToBgrsonide, le
Pseudo-Tusi et le Postulat des Parallele&tabic Science and Philosophy 239-82 (1992).
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14 A readable summary and partial translation can bedfaurEspenshade, P. H text on trigonometry by
Levi ben Gerson (1288-1344fathematics Teacher 60628-637 (1967). Goldstein has published many
articles on the Astronomy of Levi as well as a caitiedition, see note 21.

15 A more faithful and detailed description can be found énGhemla and Pahaut article, see note 10.

Translations of sections Bfe Numeris HarmoniciandMaaseh Hoshegan be found in: Carlebach, Jospeh,
Lewi ben Gerson als Mathematiker Berlin: J. Lamm (1910).
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L Goldstein, B. R.The Astronomy of Levi ben Gerson,(1288-1344): A Critical Edion of Chapters 1-20
with Translation and Commentary, New York: Springer-Verlag, (1985).

22 A detailed alternative is discussedHaTashbetz, V’'Hayam Sh’Osah Shigrop D. Garber and B.
Tsaban irBar-llan Parashat HaShavua 1999.

12



