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Abstracts

Gersonides Maaseh Hoshev, (The Art of Calculation), isamajor work known for its ealy use of rigorous
combinatoria proofs and mathematicd induction. Thereisalarge sedion o problems at the end o the book with
the theme of propartions, which urtil now remained unpullished. | present a aiticd edition d thismaterial. | aso
uncover apreviously unknovn seandedition  Maaseh Hoshev. The material is appropriate for credive
pedagogyand provides econamic detail s of the author’s culture and environs. This article presentsthe first fifteen
problems and a subsequent article presents the rest.
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Le Maase Hoshev (L' Art du Calcul) de Gersonide est un ouwage majeur connu pou son usage precace de
preuves combinatoires rigoureuses et de I'induction mathematique. Lafin del’ ouwrage comporte une sedion
importante consaaee aune serie de trente problemes aur le theme des propartions qui etait resteeinedite
jusgu'a cejour et doni't je presente pour la premiere fois une eition critique. Je revele egalement I’ existence
d’une seonce dition de Maase Hoshev. Le materiau peut servir de base ades projets de pedagoge aedive &
offre des detail s aur la alture @ I’environement de I’ auteur. Cet article presente les quinze premiers problemes
de Maase Hoshev, unsemndarticle en presente les quinze aitres.
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|. Introduction

A criticd editionwith translation and commentary of a wlledion d heretofore
unpubished problems, by the noted medieval scientist, phil osopher and mathematician, Levi
ben Gershon,ak.a. Gersonides, is presented. The publicaion d these problems coincides
with my discovery of asecondedition d Maaseh Hoshev, the bookwhich contains these
problems.

The mathematicd theme underlying al the problemsis the use of propations. The
problems are often presented in a pradicd manner, and thereby reflea and confirm historicd
prices, measures, exchange rates for diff erent coins, wages, and types of goods and services
in 14" century Provence. The problems also provide useful material for credive pedagogy.

The aiticd editionis presented in two articles. Thisfirst article includes the first 15
problems. The secndarticle, to appea in a subsequent issue of thisjournal, includes
Problems 16-21. These later problems contain a number of difficult sedions and errors.

1. Levi ben Gershon, a.k.a. Gersonides

Levi ben Gershon (12881344, rabbi, philosopher, astronamer, scientist, biblica
commentator and mathematician, was born in Provence (South France) and lived there dl his
life. Through hswritings, he distingushed himself as one of the grea medieval scientists
and amajor philosopher. He wrote more than adozen bools of commentary onthe Old
Testament, amajor philosophicd work cdled MilHamot Adonai, Wars of God, abook on
logic, four treaises on mathematics, and a variety of other scientific and phlosophicd
commentaries. MilHamot Adonai has a sedion ontrigonametry and alongsedion on
astronamy, including the invention d the Jab's Staff, a deviceto measure angles between
heavenly bodes used for centuries by European sail ors for navigation, adiscusson d the
camera obscura, and aiginal theories onthe motion d the moonand danets. A complete
bibliography onLevi and hswork can befoundin [18].

Thereislittl e information abou Levi’s persond life except that he cane from a
family of schdars andleaned men. Althoughthe detail s of these relationships are not firmly
establi shed, for example, ore can find nolessthan threedifferent claims (Levi ben Abraham
ben Hayim, Gershon ken Shlomo, and NaHmonides) for the identity of his grandfather, it is
well known that his home of Provencein southern Francewas a placethat suppated
productive Jewish scholarship in the 14" century.

Lifefor the Jewsin 14h century Provencewas relatively good. The Pope, who was
then at Avignon, poteded them from oppresson, which was not the cae in the northern
parts of France. There were 15,000Jews amongthe two million general popuation o 14"
century Provence. Jews worked as money lenders, physicians, craftsman and merchants.

Levi was highly regarded by the Christian community as a scientist and
mathematician. Heisreferred to by them as Leo Hebraus, Leo de Balneolis or Maestro Leon.



His book ontrigonametry was dedicated to Pope Clement VI and his book, On Harmonic
Numbers, was commisgoned by Philli p of Vitry, Bishop d Meaux. Both of these works
were translated from Hebrew to Latin in Levi’slifetime. Levi wrote only in Hebrew, and
read Hebrew translations of Latin and Arabic works, realily availableto him.

Despite his originality and reputation, much of Levi’s sientific and mathematicd
work did na heavily influencehis successors. It isnat clea to what extent he played arole
in the transmisson d Hell enistic mathematics from the Arab world to western Europe.

Levi’'sMathematics
Levi’s mathematics comprises four major works.

A commentary on Euclid was completed in the ealy 1320s, with realy accessto
Hebrew trandations. Included is an attempt to prove thefifth pcostulate. The content is
discusedin [23].

De Snibus, Chordis et Arcubus, atredise ontrigonametry in MilHamot Adonai, was
completed in 1342and dedicaed to the Pope. Thereisatrandation d thiswork into German
[6] and an expasitory article onits content [10].

De Numeris Harmonicis, completed in 1343,was commissoned by Philli p de Vitry,
Bishop d Meaux, and immediately translated from Hebrew into Latin. Philip wasa
musicologist interested in numbers of the form 2°3™ cdled harmonic numbers. Levi proves
that the only pairs of harmonic numbers that differ by ore ae (1, 2, (2, 3, (3, 49 and (8, 9.
The bookisrelatively short and the original Hebrew islost. The Latin version and
commentary can befoundin [5]. A summary of the mntents can be foundin [7].

Maaseh Hoshev, Levi’sfirst andlargest mathematics book dated 1321 contains the
missng problems presented here. It isknown for its ealy use of mathematicd induction.
Trandations and work discussngits content include [5; 7; 16; 17; 20; 21; 26, 31; 32] .

1l . Maaseh Hoshev, The Art of Calculation

Maaseh Hoshev, The Art of Calculation, dated 1321,is Levi’sfirst bodk on
mathematics and hs mnd book oerall. (Levi’sfirst bookisonlogic andisdated 1319
[24]). Thetitle comesfrom the biblicd book d Exodus, wherethe phraseisusedina
number of different placesto describe the type of work necessary in constructing the
tabernade. Althoughit literally means“A Work of Calculation”, its true meaning is more
subtle. It istranslated below as “cunning work”.

Exodus 29:2-3

And he made the ephod of gold, blue, purple, and scarlet, and fine twisted linen. And
they did beat the gold into thin plates, and cut it into wires, to work it in the blue, and
in the purple, and in the scarlet, and in the fine linen, with cunning work.



This cunnngwork isin contrast with other types of work in the construction of the
tabernacle, which are referred to by the skill required, such as maaseh rokem, the work of an
embroiderer, or maaseh oreg, the work of aweaver, or maaseh harash, the work of an
engraver, or maaseh avot, the work of abraider. Theintention isthat maaseh hashev
denotes a skill that requires more than just technical craftsmanship. It isthe skill of an
architect, requiring thought, cunning, planning and calculation.

Thetitleisaso aplay on words for theory and practice, Maaseh corresponding to
practice and Hoshev corresponding to theory. Levi writesin hisintroduction to the book:

“It isonly with great diffi culty that one can master the art of calculation, withou
knowledge of the underlying theory. Howeve, with the knowledge of the underlying
theory, mastery is easy... andsincethis bodk deals with the practice andthe theory,
we @ll it Maaseh Hoshev' .

Maaseh Hoshevis amajor work in two parts. Part oneisa collection of 68 theorems
and proofsin Euclidean style about arithmetic, algebra and combinatorics. Part two contains
algorithms for calculation and is subdivided into six sections:

a. Addition and Subtraction

b. Multiplication

Cc. Sums

d. Combinatorics

e. Division, Square Roots, Cube Roots
f. Ratios and Proportions.

A large collection of problems appears at the end of Section f in part two. Not
including this collection of problems, parts one and two are about the same size, and the
problems are about athird the size of each part. The text and the problem section of part two
often refer back to the theoremsin part one. Levi lists Euclid, books 7-9, as prerequisite
reading.

Lange' s Critical Edition

Lange wrote a critical edition of Maaseh Hoshevin 1909 with an introduction,
tranglation and commentary in German [20]. It ignores the problem section completely and
includes nothing about the second edition.

Lange had knowledge of only four mss. In hisintroduction, he mentions that his
main source was the Viennams. because it is the most compl ete, and that he used the Munich
68 ms. to help distinguish between lettersin the Viennams. that look similar. He adds that
he never actually saw the Paris ms., but was able to learn some details about it through a
friend. It should be noted that the Paris and Viennamss. include all the missing problems,
while Munich 36 has none, and Munich 68 contains just three. Also note that the Vienna and
Munich 68 mss. represent the same family of mss.



Lange and the Missing Problems
Asfar asthe problem section is concerned, Lange describing the Viennams., writes:

“Wir mupten sie aner spateren Veroffentlichungvorbehalten, daes aus gewissen
Grunden nicht moglich war, sie jetzt mit zu veroffentlichen.”

We hadto leavethe problems for a future puldication, kecause of spedfic reasons, it
was not passhble to pubdish them here.

Lange never pulished a subsequent paper onthe missng problems. | speaulate that
this was because:

1. Hewas unable to work his way throughthe mazeof Problem 17 with oy one source

2. There are anumber of errorsin aher problems, which are hard to resolve espedally
withou being able to distinguish between the simil ar looking letters present in the Vienna
ms. He was unable to distinguish these letters because the Munich ms. he used for this
purpose, is missng most of the problem sedion.

Two Editions of Maaseh Hoshev

In the literature, Maaseh Hoshevis dated 1321, havever, thisinformationis
incomplete. There ae, in fad, two editions of Maaseh Hoshev. Oneisthe basisof Lange's
1909criticd edition, and the other is dated ore and ahalf yeaslater. The alitionscan be
distingushed bytheir colophors which date the alition either as 1321 o 1322. When the
colophonis missng, the edlition can beidentified by dher distingushing feaures.

The major diff erence between the two editionsis the omisson in the second edition
of two problems, one onthe solution d certain quadratic eguations, and the other, avery long
problem onthe solution d certain simultaneous linea equations. The theoremsin part one
related to these problems are dso amitted. There ae other minor additions, changes and
omissonsin bah the theorems of part one and the dgorithms and problems of part two. The
theoremsin part one of the second edition are renumbered due to these dhanges, and these
new numbers are used in part two of the second edition for referencing pupaoses.

Why a Second Edition?

Levi hasno spedal preface nar does he give any explanation for the second edition,
but it is clea that the seandeditionis smply areworking d the text for the eae of the
reader. The differencesin the secondedition are primarily nat in content but in organizaion
and presentation. In the secondedition, Problems 16 and 17are omitted, and Problems 14
and 15are wmpletely rewritten. Problems 14 and 15 d the second edition present the same
material as Problems 14 and 15 & thefirst edition bu use techniques that are more eaily
generalized. Problem 16 cedswith the solution d quadratic equations and is the only ore of



al 21 problemsthat does not use propartions. The problem does nat fit in naturally with the
rest of the sedion. Problem 17 also dffersfrom the rest of the problems. It isabou ten
timesthe length of any o the other problems, and includes very longtedious proofs with
difficult error-prone notation rendering them all but imposgbleto read. What’s more,
Problem 21 reviews the main pants contained in Problem 17 in amuch more mndensed and
simple fashion. Finaly, the only red error in the whade book,that is, one which isclealy
not the result of a caelessor ignarant scribe, and ore which canna be wrreded o
reconstructed, is contained in Problem 17.

A final and important diff erence between the two editions, is that the awlophon @
thefirst edition appeas precaled bythe words “ The author writes:”, and has a self reference
to Levi'sage a the date given; while the mlophon @ the secondedition hes neither. Itis
Levi’s consistent styleto start al hiswork with the words “Levi says’, thereby identifying
himself asthe aithor. It ispossblethat Levi left out the personal referencesin the awlophon
of the secondedition for no spedal reason except that it was a seandedition. However, it is
also pasgble that he wanted to gve aedit to students who may have helped in the aliting
process Glasner’swork [13] implyingaschod of Levi’s gudents would suppat this
posshility.

The two colophors with their tranglations are shown below.

<Insert Vienna wlophon lere>

The author writes: the sixth section of this volume is complete, and with its completion, the book is
complete. The praise goes exclusively to God. Its completion was at the start of Nissan of the 81* year of the 6"
millenium, when | reached the 33" of my years. Blessthe Helper.

Figure 1. Colophon from Vienna Ms. of Maaseh Hoshev, representing the first edition.
<Insert Moscow colophon lere>

The sixth section of this volume is complete, and with its completion, the book is complete. The praise
goes exclusively to God. |ts completion wasin the month of Elul of the 82" year of the 6" millenium. Blessthe
Helper.

Figure 2. Colophon from Moscow 1063 Ms. of Maaseh Haoshev, representing the second edition.

Twelve Extant Manuscripts

There ae 12 extant mss of Maaseh Hoshev, listed below acording to their current
locaions. Nine represent the first edition and threerepresent the secondedition. In the first
editionthere ae 21 problems and in the secondedition there ae 19. Thefirst 13 problems,
numbered 1-13, and the last four, numbered 1821, are the same in bah editions. Problems
14-15in the secondedition are anew presentation d the material in problems 14-15 o the
first edition. Problems 16-17 d the first edition do nd appea in the second edition.



The information presented here on dates, scripts and completeness is based ona
combination d my own reseach, the cdalogs at the Institute of Microfilmed Hebrew
Manuscripts in the Jewish National University Library, and personal communicaionwith
Malachi Beit-Arie, Ludwig Jesselson Professor of Codicology and Paleography at the
Hebrew University of Jerusalem.

| list the mss below in arder of completenesswith resped to the problem sedion of
Maaseh Hoshev. The abreviation used for referencein the aiticd apparatus appeasin
parenthesis to the right of ead locaion. For ead ms., informationis given abou the date,
margins, simil arity to ather mss, and content of missng a omitted material. In general,
when | say “missng’ | mean that the material wasincluded by the scribe, bu the pages were
later lost, while “omitted” means that the material was not included bythe scribe. Within
edition oreg, | identify two families of mss by their consistent agreament on daens of
phrases and minor errors. A stemma summarizing the notes below appeas at the end. Note
that the information for the stemma is extraded mainly from the problem sedion d ead ms.
Therefore the mss in which much of the problems are missng a omitted canna be reli ably
identified urtil the cmpletion d anew complete aiticd edition for the whole book.

Edition One: Nine Extant M ss.

Part one: 68 Theorems and Prodfs.
Part two: Six Sedions of Algorithms.
Problems: 21 Problems.
Colophon Nissan 5081 (Spring 132)
The Author Writes...When | Readied My 33" Yea

Vatican (Va) Misdngal of the Problem Sedion.
Missngthe end d part one, al of part two, the problem sedion, and the wlophon. Italian
script. Estimated date — late 14" century.

Munich 36 (Mu36) Misdgngal of the Problem Sedion.
Omitsthe last third of part one, the last third of part two, al of the problem sedion and the wlophon.
Thisms. isonly nine pages of very small script, and boundwith alarger book d mathematicsincluding
aHebrew trandation d Euclid. It seansto be someone’s personal abridged version. Note that the most
difficult andinteresting pearts of the bookare missng, including proofs by induction, solutions of certain
simultaneous linea equations, all the cmbinatorics, square and cube rocot extradion, and propartions.
No margin naes. Sephardic script. Estimated date — 15" century.

Munich 68 (Mu68) Contains only Problems 18-20.
Omits the last one and a half sedions of part two and most of the problem sedion, then continues with
the last few problems of the problem sedion, and concludes with the first edition colophon. The
omissons here ae lessconsistent thematicdly than in Munich 36,and sean more likely to correspond
to ablock of missng pagesin the original copied source Thems. is smilar to Vienna, Pm2462and
London. No margin ndes. Ashkenazc script. Dated 1552.

New York  (NY) Contains Problems 1- middle of 17.



Misdngthefirst 90% of part one, the end d the problem sedion, and the wlophon. The last
page (two sides) in the volume is misplacel andisredly part of sedionfive. A fragment of
Sefer Hamispar by Abraham Ibn Ezrais boundin front. It was purchased by Ephraim
Deinnard, awell known Hebrew manuscript deder, in the ealy 1900sin Hebron. It isquite
different from the other mss and nd faithful to the particular wording d the original,
consistently omitting a repladng words and taking gea liberty in paraphrasing. It also
omits all figures not even leaving empty space It is smilar to Pm2271and Pain its errors.
Very few margin naes. Sephardic script with Byzantine dements. Estimated date — late 15"
/ ealy 16" century.

London (Lo) Contains Problems 1- middle of 17
(one more paragraphthan NY).
Misdngthe very end d the problem sedion and the wlophon. It is the most reli able of the
London,Vienna, Pm2462,Mu68family. Thereisalarge number of margin comments and
corredions, many by Mordeca Finzi. Sephardic script. Estimated date — late 14" / ealy 15"
century.

Parma 2462 (Pm2462) Contains Problems 1- middle of 20.
Misdngthe very end d the problem sedion and the wlophon. Believed to have been
produwced in Italy inthe ealy 1400 s (watermark identicd to a1426ms). Part of the London,
Pm2462,Mu68,Vi family. Itislikely that Parma2462was an ealier source becaise it has
fewer errors and contains ©me phrases that are omitted in Vienna and London. No margin
notes. Semi-Square Provencd script. Estimated date — late 14" / ealy 15" century.

Vienna (Vi) Contains all first edition problems.
Complete first edition. Used as Lange's main sourcein the 1909criticd edition. It isthe least
reliable of the London,Vienna, Pm2462,Mu68family. Thisms. isnat likely the source of the other
mss in the family, because it contains me hard to dstingush letters. If it was the source of the
other mss in the family, ore would exped more arorsin these letters in the other mss than are
adually found. No margin ndaes. Ashkenazc script. Dated 1462.

Paris (Pa) Contains all first edition problems.
Complete first edition bu the mlophonis replaced with a standard short version with no dcites or
detalls. Thisms. was brougtt to the library of the Oratory in 1620,and remained there urtil the
Revolution, when it was moved to the Bibliotheque Nationale. All figures are omitted and no
empty spaceisleft. It sharesfeaures of both the NY, Pm2271family and the London, Pm2462,
Vienna, Mu68 goup, bu is generally much closer to the former. Very few margin ndes.
Sephardic script with Italian elements. Estimated date — 15" century.

Parma 2271 (Pm2271) Contains al first edition problems.
Complete first edition. Believed to have been produced in Provencein the late 1300s
making this the oldest extant ms. The innermost bifolium of the last quire is boundin
badkwards, resulting in the third and fourth to last pages being interchanged. Thisimplies
that the last eight sides of the ms. are numbered 34125678nstead of 12345678where the
eighth (andlast) sideisblank. Part of the Pa, NY family, but more reli able than either.



Figures are in the margins with afew omitted. No margin naes. Provencd script.
Estimated date — late 14" century.

Edition Two: Three Extant M ss.

Part one: 64 Theorems and Proofs.
2 Additions, 6 Omissons and Some Minor Variations
Part two: Six Sedions of Algorithms with Minor Additions and Omissons

Problems: 19 Problems.

2 Omisgons, 2 Magjor Variations and Some Minor Variations
Colophon Elul 5082 (Fall 1322

No Referenceto Levi’s Authorship or Age.

All threesecond edition mss share the feaures above, distinct from the first edition mss

Moscow 30 (Mo30) Contains all secondedition problems.
Complete semondedition. Similar to bu much lessreliable than M01063. Boundwith a
colledion d other mathematica works copied by the same scribe, Gad Ashtrok. No margin
notes. Sephardic script with Italian elements. Dated 1503.

Jerusalem  (Je) Contains all second edition problems.
Complete secondedition. Reliable version. Very few margin naes. Spaceis left for all
figures, bu nore aefilled in. Sephardic script, possbly Provencd. Dated 1410.

M oscow 1063 (M 01063) Contains all seandedition problems.
Complete seondedition. It includes many margin naes including the insertion o much
missng text from the first edition. This makesit perhaps the most reli able of al the mss
Similar to M030. Provencd Script. Estimated date — late 14" / ealy 15" century.

Stemma of the Twelve Manuscripts of Maaseh Hoshev

A stemma based onall the information abowe, is snown below. The dates of the mss
are shown, (some ae gproximate, indicated by ~), and correspondto the depth in the treg
where eab level isabou 50 yeas. None of the mss represents an autograph, and nore ae
completely error free The two editions are marked onseparate trees. In edition ore, there
aretwo familiesof mss Thefirst family containsthe Vi, Pm2462,Mu68and Lo mss while
the secondfamily contains the Pm2271,Pa and NY mss The problem sedionis completely
missng from Va and amitted in Mu36, rencefor the purpases of this gudy they are | eft out
of the stemma. A more complete stemmamust wait until the pullication o anew criticd
edition d the whale book,which would include the portionsin Va and Mu36.

The two families of edition ore aeidentified by daens of similar errors, omissons and
particular choices of phrases. Within thefirst family, Vi, Pm2462and Mu68are particularly
similar throughou. Lo shares most of the feaures of the family but there ae many paces where
it is corred and the other members of the family have erors. Furthermore, Lo has missng



phrases which appear in the other members of the family. Henceit islikely that Lo represents a
parallel branch down from the archetype of family one edition one. On the other hand, the other
three mss. in the family are virtually identical except for very minor differences most of which
are missing phrasesin Vi which appear in Pm2462 and Mu68. Vi has afew pairs of letters that
are extremely hard to distinguish throughout the ms., making it very unlikely that it was copied
reliably, yet Pm2462 and Mu68 do not have any errorsin these letters. Finally there are no
phrases missing from Pm2462 that appear in Vi or Mu68. Hence the stemma indicates that
Pm2462 descends from the family one archetype, and both Vi and Mu68 descend from it. Thisis
also consistent with the dates of these mss.

In the second family, Pm2271, Paand NY share dozens of similar minor errors and
variations which are distinct from family one. The most striking example is that both
Pm2271 and Pa have a small fragment of problem 14 edition two, which appears just before
problem 18. NY ismissing all the pages from the middle of problem 17 on, soitis
impossible to check that this striking feature is part of NY, neverthelessNY does share the
other similar features of family two. It should be noted however, that NY isthe most
enigmatic of al the mss. It isnot faithful to the precise wording of the original, substituting
synonyms and alternate grammatical forms throughout. Finaly, both Paand Pm2271 have
missing phrases not found in the other ms. implying that neither is the likely source of the
other. Hence the stemmaindicates all three descending from the archetype family two.

In edition two, Mo30 is similar to M01063 but has many more errors and omissions.
Je, in comparison, has anumber of minor differences and one magjor difference. It includes
two paragraphs in problem three which are absent in M01063 and M030. Hence the stemma
indicates M0o30 descending from M01063 which in turn descends from the edition two
autograph. Je descendsin paralel from the edition two autograph. Of course thisis
consistent with the dates of these mss. Finally, it should be noted that both Je and M01063
arevery reliable. In particular, M01063 has alarge number of margin comments including
many corrections and the insertion of missing sections, many from edition one. These
insertions include the above mentioned two paragraphs present in problem three of Je.

10



Edition One (1321) Edition Two (1322)

Family One Family Two
Lo (~1400) Pm2462 Pm2271 Je (1410) M 01063 (~1400)
(~1426) (~1390)
Vi (1462) Pa (~1450)
NY (~1500) M 030 (~1500)
Mu68 (1552)

V. An Overview of the Missng Problems.

The mathematical theme underlying al of the missing problems is applications of
proportions. Although, the mathematical foundations are based on Euclid, the problems and
techniques themselves range from the trivial to the complex. The easier problems appear at
the start and they get progressively harder. The variety of illustrations include:

a. Linear and quadratic equations with one unknown.

b. A variation of the well known Cistern problem.

c. Least common multiples and weighted average.

d. Various simultaneous linear equations with two or more unknowns.
e. Various business related problems of purchase, sale and profit.

The format of each problem isageneral question, followed by a general method of
solution, followed by an example, followed by an explanation or proof that often refers back
to materia earlier in the book. Sometimes the explanation is left out or shortened, and
sometimesit is drawn out into aformal style proof. Sometimes there is more than one
example, and sometimes variations or generalizations are discussed. The overall format,
however, is consistent throughout. When variations of the problem are discussed or a
digression ensues, then for the purpose of numbering the problems, I count a new problem
only when it begins with the word sh-ela (question or problem).

V. Historical Context of the Problems
Levi’'s Sources

Levi presumably did not read Latin or Arabic, yet he certainly had access to Hebrew
trandations of Euclid, and probably had access to translations of other sources. There are

11



clea explicit andimplicit references to Euclid throughou Maaseh Hoshev, afew appeaing
in the problem sedion.

The onredion d medieval Hebrew scholars with the dasscd Greek works of
Aristotle and Euclid iswell known. What is not well known isto what extent Levi (and ather
medieval Hebrew schalars) had accessto Latin and Arabic sources, and to what extent, if
any, these sources influenced him. A comprehensive comparison d Levi’s problems with
other Latin and Arabic ooll edions of problemsis unquestionably important. | begin closer to
home, with a mmparison d asimilar Hebrew book byAbraham ibn Ezra. Abraham ibn Ezra
(10901167 was a Spanish Jewish philosopher, poet, grammarian and mathematician.

Outside of Euclid, Masseh Hoshev contains not the slimmest shred of an explicit or
implicit referenceto any ather source Nevertheless it isinterestingto nde the following
simil arities to Abraham ibn Ezra's Sefer Hamispar. Sefer Hamispar (1146, isabook on
arithmetic and cdculation in seven sedions with a short introduction explaining the deamal
system and the use of 0 as aplacekeeper. (Note that both Ibn Ezra and Levi use the deamal
system for integers but base 60 for fradions, as was common in that day.)

Sedion One - Multiplication.
Sedion Two - Division.
Sedion Three- Sums.

Sedion Four - Differences.
SedionFive - Fradions.
Sedion Six - Ratios.
Sedion Seven - Square roats.

In content, the only thing in Maaseh Hoshev which is completely absent in Sefer
Hamispar, isthe material on combinatorics and series.

The sixth sedion onratiosisin style and content similar to Levi’s sdion on
propartions but not asrigorous and nd aslong. It also hasalist of problems, which Ibn Ezra
says are necessry to flush ou the full power of his methods. Unlike Levi who grovided
caeful prodfs, general examples and spedal cases, Ibn Ezra's gyleisto explain hisideas
through numerous pedfic examples, relying on gantity to substitute for rigor. Noteworthy
in bah bools, in contrast to most Arabic works on arithmetic and algebra, is the asence of
geometric proofs and arguments.

AlthoughLevi makes no referenceto Ibn Ezra s work, the simil arities in organization
and content are striking. Thisis espedally true in the problems which appea in the sedions
onratios and propations. They bah start with simple linea equations and continue with
pradicd econamic problems, such as people hiring aher people to doa cetain job and the
latter did only apartia job etc. There ae of course some major differencestoo. Levi has21
problems in two editions and Ibn Ezrahas only 14. Levi’s problems are more rigorously
presented, and his latter problems ded with more compli cated simultaneous linea equations
that Ibn Ezradoes nat approach. In general, Levi has more difficult problemsin hislist, and
has more innowetive gproadesto their solutions. Thisis consistent with the rest of his book
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which surpasses |bn Ezrain ingenuity and creaivity. A final differenceisthat all of Levi’s
problems are seaular in nature, while Ibn Ezraincludes a problem abou inheritancethat is
religiousin nature. Thislatter paint isinteresting, implying that Levi may have intended his
work for awider audience

Levi probably had accessto Sefer Hamispar, and becaise it was written in Hebrew,
Levi would have been ableto real it withou difficulty. Nevertheless despite the simil arities
in structure between Sefer Hamispar and Massh Hoshev, one must be caeful not to jump to
conclusions, because thereis no firm evidenceor referenceto badk up such speaulation.

Ibn Ezra, was fluent in Arabic, and therefore had accessto Arabic sources withou the
neeal of trandation. In particular, many o Ibn Ezra’ s mathematics problems are in the
context of businesstransadions, whase study in Arabic is cdled mu’amalat. Thereisawork
by Ibn al-Haytham (11" century) [28] on mu’ amalat which was cetainly accessble and
might have been avail able to Ibn Ezra. Thiswork includes problems which require the
manipulation d fradions and whase themes are seen in the ealy problems of Levi’slist.

HenceLevi could have been influenced by the Arabic tradition indiredly, throughlbn
Ezra. However, Levi’s later problems, and certainly the rest of Maaseh Hoshey, gofar
beyondthese basic themes, so this possbleinfluenceis unlikely to have been too significant.

There ae other possble sources, bah Latin and Arabic, that must be cnsidered.
These sources might have been avail able to Levi in trandation, or indiredly throughthe work
of other Hebrew schalars fluent in Arabic or Latin. However, any conclusions abou a
definitive sourcein this area ae even more speaulative than the cnredions with Ibn Ezra.

One posshble Latin sourceis De numeris datis by Jordanus de Nemore [14]. Jordanus
flourished in late 12" and ealy 13" century France, and his bookis a mmpendium of about
100agebra problems of linea, quadratic and (only one) cubic equations with general
solutions, proofs and examples, divided into four sedions. For example, the third problem in
sedion ore of hisbookisto solve the system of equationsx + y = a, xy= b. The seand
sedion d thework is on problems described through popations, exadly the kind o
problemsthat Levi treasin hislist of 21. Despite the fad that Jordanus’ work is quite
comprehensive, andthat there ae cetainly simil arities between his problems and Levi’s,
amost nore of the problemsin Levi’slist corresponddiredly to any ore of the hunded in
Jordanus. Hereisan example that comes very close. Compare Jordanus problem 12afrom
sedion two, with Levi’s problem 20.

Jordanus II-12a (x+a)/(y-b) = c, (y+d)/(x-€) = f.
Levi 18 (x+y)/(zX) = a, (x+2)/(y-X) = b.

Levi’sproblem isindeed aspedal case of Jordanus'. Thiscan be seen by setting
X=Y, &=X, c=a, Y=z, b=X, d=x, ande=x. Levi’sproof and dscusson d this problem isaso
lengthier and more convduted than Jordanus'. It isnat likely that Levi would have taken a
sourcewith amore general problem and solution, and presented oy a spedal case of the
problem with amore difficult proof. Furthermore, Jordanus presents all his problems diredly
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(i.e. the words describe the equation) while Levi presents most of his problems hidden in the
disguise of abusinessproblem. The few problemsin Levi that are presented dredly
(problems 16-21) canna be matched exadly with any of the problemsin Jordanus’ list, see
the example dowe.

Even if therewas atrandation d Jordanus' work into Hebrew, and thereisno
evidencefor such atrangdlation, it seansunlikely that Levi studied thework. Nevertheless it
isworth naing that both authors present their work in arigorous way, with general
statements and proofs suppated by spedfic examples, and bdah make use of the ideaof
reducing ore ejuationto a canoncd form after which it is olved using the solution to the
canonicd form. It shoud also be noted that Jordanus has alarger more comprehensive work,
De elementis arithmetice artis, which becane the standard sourcefor theoreticd arithmetic in
the middle ayes[4]. Thework is broader than Maaseh Hoshev and includes much of the
content from the list of theoremsin part 1 of Maaseh Hoshev except perhaps the
combinatorial theorems, bu thereis nathingin it like the problem sedion presented here.

It iswell known [7; 13] that Levi studied the scientific works of [bn Rushd (in
Hebrew trand ations), wrote supercommentary on hsworks, and taught students Aristotelian
science. Hence one would exped that, if possble, he would have used similar sources for his
mathematica work. There were Arabic works on mathematics translated to Hebrew, bu
some, such as the Algebra of Abu Kamil (850-930) [22], were trandated after Levi died, (by
Mordeca Finzi, 15" century, in the case of Abu Kamil). Other later works, such asthe
Algebraof Omar Khayyam (10441123 [15], are unlikely to have been sources because they
focus much more on various categories of quadratic and cubic equations, than onlinea
equations. Levi’swork in the problem sedion gaes deeoly into various linea and
simultaneous linea equations, bu hardly at al into higher order equations. Also, the later
Arabic works have many geometric proofs and arguments completely absent in Levi’swork.
Levi’s proofs are longwvinded bu contain innovative aguments which are strictly algebraic.
| arguein [21] that one of Levi’s contributions in the devel opment of medieval mathematics
ispredsely this dift from a geometric view of algebrato a combinatorial view.

Thereis one work onarithmetic by al-Hassar (13" century), which was translated into
Hebrew as Sefer ha-Heshbon, but it is unpubished and orly extant in threemanuscripts
(Moscow, Oxford, and Vatican). The first two mss indicate that the translator was Moses
ibn Tibonwho transated the work in Montpelier in 1271. The third (Vatican) has an
anonymous trandator. If Levi had used an Arabic source, thiswould fit the bill . It wasin the
right place athe right time, avail able in Hebrew, and the mntent focussed more on
arithmetic and propartions than on hgher order algebra.

Sefer ha-Heshbon by al-Hassar is alarge work onarithmetic of integers and fradions,
divided into many sedions and subsedions. The threeextant manuscripts of the Hebrew
tranglation dffer gredly espedally in the sedions at the end. It deserves a separate study, bu
here we will present a brief overview in context of its possble conredionto Maaseh Hoshev.
In the book, a-Hassar discusses additi on, subtradion multi pli cation, dvision, square and
cube roats of both pasitive integers and fradions. He gives general methods foll owed by
numerous particular examples to make the methodclea. He givesnorigorous proofsin the
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book,which reads more like apradicd manual of cdculationthan anythingelse. Thisisin
grea contrast to Levi’srigorous Euclidean style. Furthermore, athoughal-Hassar has
literally hundeds of problems and examples, hardly any are presented in the puzZze style that
Levi usesfor his problems.

Nevertheless there ae still simil ariti es between the two works. First of al both
books ded with similar subjed matter. Thisisitself isnot so surprising since aithmeticis
such abasic and pradicd topic. However, Maaseh Hoshev contains dions on sums and
combinatorics whose rigorous presentation is absent from most ealy medieval works on
arithmetic and algebra. AlthoughSefer ha-Heshbon by al-Hassar contains no combinatorics,
it does contain awhade sedion onsums. In particular, it gives the formulaefor sums of
conseautive integers, conseautive oddintegers, conseautive squares and conseautive aibes.
All these formulaewere known well before d-Hassar’ stime, and some can be foundin ather
Arabic works like those of al-Kargji (1000 and a-Samaw’a (11251180, bu al-Hassr is
later than these, and hiswork has a Hebrew translation. Moreover, athoughal-Hassar does
nat rigorously prove hisformulaelike Levi does, he does give anstructive examples from
which prodfs could easily be derived.

Overal, Maaseh Hoshev is broader in scope, more rigorous, and more ingenious than
Sefer ha-Heshbon. However the latter could have been a sourcefor the former, espeaaly for
the sedions on sguare roats, cube roots and sums whose detail s are not foundin Euclid.
Unfortunately, as far as our problem sedion gces, thereislittl e in al-Hassar’ s work that could
have served as urcematerial for Levi.

Who Studied Maaseh Hoshev?

AlthoughGlasner [13] argues convincingly for aschod of Levi, andidentifies
possble students, thereis no dred evidencethat there were students of Maaseh Hoshev. |
argued ealier of the posshility of students beinginvaved in the writing d the second
edition, bu the only dired evidencefor thisisthe omisson d Levi’s name from the seaond
edition colophon. Despite the existenceof twelve extant mss, it isnat likely that many
people studied and unarstood everything in Maaseh Hoshev. In every ms., the kinds of
errors that appea imply that the scribes themselves were hired copyists, rather than students.
The arors saiow no unarstanding d the underlying content, and dten render asedion
completely unreadable. Withou accessto multiple apies of the work, these sedions are not
possble to reconstruct. Problem 17,in particular, which appeas only in thefirst edition, is
so badly mangled in every ms., that no orein the last 600 yeas was likely able to work
throughall the detail s.

On the other hand, there were & least afew serious readers of the text. | note that in
M01063,a secondedition ms., there ae extensive omments in the margins. These
commentsinclude agred ded of the missng materia from the first edition, aswell as
context sensitive crredions. Thisimpliesthat the text was gudied and crossreferenced
with accessto mss of both editions. The Lo ms. also has extensive crredionsin the
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margins, some by Mordeca Finzi, implying a caeful study. Nevertheless it shoud be noted
that there ae no dred known references to Maaseh Hoshev in the literature until 1909.

V1. Introduction to the Trandation

| attempt to balancefaithfulnessto the aithor’ s language and style, with readability.
Despite Levi’sgenius, his gyleistedious, repetitive and pona@rous. | do nd wish to buden
the reader, bu nor do | wish to hide the natural flow of his dyle.

| have fredy added purctuation for readability. Levi hasvirtualy no purttuation na
does he number his problems as he does his theoremsin part one. The numbering d the
problemsisours, and serves as an index for referencing. Commentary is added, to clarify
points abou content, language, trandation, and cultural references. To makeit easiest for the
reader, | placal the mmmentary diredly under the sedion keing dscussed, rather than in a
separate sedion with crossreferences. The ommentary is distingushable from the
trandation, bythe indentation and the small er sizefont. The problemsthat are spedfic to ore
edition bu nat the other, are marked Ed. 1 or Ed. 2 at the start of the problem.

Errorsand Corrections

All errors are discussed in the ommentary. It isnaot always easy to tell when an error
isthe result of the scribe or whether it isorigina with Levi, athough @neraly the arors are
the former type. The cmmmentary distingu shes between these two kinds of errors, and
attempts whenever possble to suggest plausible explanations for the origin of the eror.
When the mss all agreeonan error, | leave the aror in the text, using the mommentary to
discussalternative mrredions. When ead ms. presents a different incorred version, |
reconstruct the best corred versionin the text itself, learzing the aitica apparatus as arecord
of the arors.

Standard Hebrew Numbering

With regard to Hebrew numbering, some explanationis necessary. The standard
Hebrew numbering scheme, still i n use today for many puposes, isamix of paositional and
symbadlic styles using the 22 | etters of the Hebrew aphabet. Thefirst 9 letters of the dphabet
indicate the numbers one through nine. The next nine letters indicae the numbers 10 through
90. The next four indicae the numbers 100through 400.Any number upto 499,isuniquely
represented by wsing the gopropriate letters for ead base ten dgit. A zero dgit isindicaed
by having noletter at all. There ae some exceptions to this, ore of which isfollowed by
Levi, andthat isnot to use the tenth letter followed by the fifth letter for 15, kecaise this
spell s the name of God. Instead he uses the ninth letter followed by the sixth. For example,
115isthe 19" letter (value 100), followed bythe ninth and the sixth; 207isthe 20" letter
(vaue 200), foll owed by the seventh. When the need comes for numbers larger than 499 ,the
largest possble valued |etters are used. For example, 790would be the 22 letter (value
400), followed bythe 21° |etter (value 300), foll owed bythe 18" letter (value 90); and 850
would be the 22" letter (value 400), followed bythe 22" |etter (value 400), followed bythe
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14" letter (value 50). When redly big numbers are neaded, and multi ples of 400 do no
suffice the words for “thousand’ are combined with the numbering system to get anything
needed. For example, 32 milli on, would be written as the 12" |etter (value 30) followed by
the 2 | etter foll owed by*“thousand thousand’.

Note that many numbers look like Hebrew words. The example of 15and God hes
arealy been naed, bu thisisjust one of many commonwords. What’'s more, single
Hebrew letters ad as prepositions or articles when added to the front of aword. These
include: and, with, on,to, in, from, etc. Henceit isambiguouws when these |etters appea in
front of numbers that happen to be words. One might not know whether it is“from” 8 you
are subtrading, a whether it is 48 (the 4" | etter being the prepaosition “from”). In arder to
help areader resolve this ambiguity, small slashes or dots are made over the letters that are
being used as numbers, and d course the context helps.

Levi’s Notation for Numbersand Variables

Levi usestwo numbering schemes for integers. One is the standard modern system,
with the first nine letters of the Hebrew alphabet for the digits 1-9, and a arclefor zero, and
the other is the standard Hebrew system discussed abowve. It isnot hard to dff erentiate what
system isbeing wsed and he mixes them fredy.

However, he dso uses Hebrew letters as variables. He even uses squences of
Hebrew letters, to denote either the product or sum of the variables, asthe context demands.
Since so many more cmbinations of |etters are dl owed for variables, this exaggerates the
ambiguity between variables and words. The difficulty of distingushing leading letters that
are aticlesor prepositionsisalso increased. In al these caes, the slashesare used, but it is
not always easy to tell when aslashisthere andwhenit isnot. To distinguish between a
sequence of variables that is a product from one which isasum, he usually precedes the
variables with the word murkav (composite) when it is a product, and misparel (the numbers)
when it isasum. However, heisnat aways consistent abou this. Levi also uses a sequence
of two variablesto denote one number, in the geometric sense of aline segment. When
doing so, he precales the two variables with the word mispar (number).

Once, in Problem 17, Levi runs out of variable names. The 22 letters of the Hebrew
alphabet do nd med his neals, so heresortsto usingfive extrasymbads. These sofit
symbals are those used for the Hebrew letters that appea differently at the end d aword
from the way they doin the middle of aword, resultingin 27 dstinct symbals. Thiswas no
doub the cause of confusion and corruptionin the wpying d Problem 17. The scribe could
err in many new ways. Not only could he forget aslash, a omit aspace bu he culd write a
spedfic letter either initsending form, or initsnormal form. Thisambiguity confused the
scribewho dd nat likely appredate the serious error of substituting an end form for anormal
form, of aletter that happensto appea at the end d alist of variables. Nor did the scribe
appredate the simil ar serious error of substituting anormal form for an endform, of aletter
that happensto appea in the midde of alist of variables.
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Levi writesout fradionsin long hand,asin “2 of 9 parts of adinar”, when describing
fradions of things, bu he dso writes fradions using base 60 with the standard Hebrew
system to write the numbers from 1 to 59. Spaces are | eft between the succesgve base 60
positional values. Thisintroduces more posshiliti es for error, as the scribe must be caeful in
the spadng, so asto distinguish between 50 9, and 59,which areidenticd in the standard
Hebrew system except for the spacein between the 15" letter and the 9.

Trandation of Levi’s Notation

| translate numbers to equivalent modern dgits when they are written as numbers
either in the Hebrew or modern style, but use words when the numbers are written ou as
words. | translate variables using letters, using the nth letter in the English aphabet for the
nth letter in the Hebrew alphabet. When astring d letters appeas that means um, literally
“the numbers ABC”, then | trandate it as “the number A+B+C”. When the string d letters
means product, | use “the product ABC” literally asit iswritten.

VIl. Trandation of Problems 1-15from Maaseh Hoshev with Commentary
We set forth for you avariety of problems, so that you may understand simil ar ones.

1. A Problem isPosed: We etrad agiven fradion a fradions from an unknavn
number and the result isagiven number. What is the unknavn number?

The method tereisto take the prime denominator of al the fradions, to extrad these
fradions from this denominator, and make anote of the result. Multiply this denominator by
the seaond gven number and dvide the result by the noted value, to get the requested
number.

Levi defines, moreh rishon, or prime denominator, in sedionfive of part two as the smallest integer
that measures the denominators of the fradions; that is, the lesst common denominator. He often uses
just the word moreh, which means smply denominator, in context, to dencte the prime denominator or
least common cenominator. When he does this, | trandate it as common denominator.

For example, 2 fifths plus 3 fourths plus one third of a number equals twenty, and we
want to know the value of the whole number. The prime denominator of these fradionsis
60. We etrad these fradions from it, to get 89, andthisis noted. Multiply the common
denominator by twenty to get 12 hunded, dvide this by the noted value, to get 13whae and
43 d 89 parts of the whole, and that is what was requested. You can ched thisif youwish.

Levi’s example in modern naation: (2/5 + 3/4 + 1/3)x = 20.
He direds usto combine the fradionsto get 89/60, and saysthat x = 20 (60/89) = 13 + 43/89.
He explainsbelow in grea detail that 89isto 60as20isto x.

Thisisright, because theratio of 2 fifths of 60,to 60,equalstheratio of 2 fifths of

the unknavn number, to the unknovn number. Similarly, theratio of 3 fourths of 60, to 60,
equalstheratio of 3 fourths of the unknovn number, to the unknavn number; andtheratio

18



of athird of 60,to 60,equalstheratio o athird of the unknavn number, to the unknovn
number. When we ald them together, the ratio of al the fradions taken from 60, to 60,
equalstheratio of these dl the fradions taken from the unknowvn number, to the unknowvn
number. Hence, theratio of 89to 60equalstheratio of 20to the unknovn number. Hence,
the product of 60, which isthe second,with twenty, which is the third, equals the product of
89, which isthe first, with the unknovn number. And wsethisasamodel.

The references here to “first”, “second’ and “third” come from Sedion f of part two where Levi
reminds us from Euclid, that four numbers are related if the first times the fourth equals the second
timesthethird. That isA/B = C/D if and orly if AD = BC (Book 7Propasition 19 d The Elements).

2. Problem: Certain fradions of an unknavn number exceel a seaond set of
fradions of this unknavn number by a given amount, what is the whole number?

Take the mommon denominator of all these fradions, extrad from it the first set of
given fradions and make anote of theresult. Also extrad from it the seandset of given
fradions and make anote of this mnd value. Subtrad the seaond nded value from the
first, and the remainder isthe aljusted naed value. Multiply the mmmon denominator by
the given amourt, divide the result by the aljusted naed value, and the result is the requested
number.

For example, 3 sevenths plus 4 fifths of an unknavn number exceel 2 thirds plus a
fourth of the unknavn number by twenty, and we want to knaw the value of this number.
The common denominator of all these fradionsis420,and 3sevenths plus 4 fifthsof it is
516. And 2thirds of 420 dusafourth of it is385. Thefirst set of fradions exceals the
secndset of fradions by 131. We multi ply the cmmon denominator by twenty and dvide
theresult by 131,to get 64whoe and 17 ¢ 131 parts of thewhade. Thisiswhat was
requested, and youcan ched thisif you wish.

Levi's example in modern ndation: (3/7 + 4/5)x — (2/3 + 1/4)x = 20. The “proof” below istedious,
methodcd and corred. Of course, he does not use any of the dgebraic toalsroutinely expeded of
today’ s grade schod students, substituting in their place @ argument using ropartions.

Thisisright, because theratio of the sum of the first set of fradions extraded from
420,to0 420,equalstheratio of thefirst set of fradions extraded from the unknavn number,
to the unknavn number. By exchanging them, theratio of the first set of fradions extraded
from 420,to thefirst set of fradions extraded from the unknavn number, equalstheratio of
420to the unknavn number. Similarly, theratio of the second set of fradions extraded from
420,to theratio of the secondset of fradions extraded from the unknovn number, equals the
ratio of 420to the unknavn number. By exchanging them, theratio of thefirst set of
fradions extraded from 420, to the second set of fradions extraded from 420, equals the
ratio of thefirst set of fradions extraded from the unknavn number, to the second set of
fradions extraded from the unknovn number.

By separating, theratio o the first set of fradions extraded from 420,10 its excess

over the secondset of fradions extraded from 420,which is 131,equalstheratio of thefirst
set of fradions extraded from the unknovn number, to twenty, which isits excessover the
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semndset of fradions extraded from the unknovn number. By exchanging them, theratio
of the first set of fradions extraded from 420,to the first set of fradions extraded from the
unknonvn number, equalstheratio of 131to twenty. But we drealy showed that the ratio of
thefirst set of fradions extraded from 420, to the first set of fradions extraded from the
unknonvn number, equalstheratio of 420to the unknovn number. Hence, theratio of 420to
the unknavn number, equalstheratio of 131to twenty. Hence the product of 420with
twenty equals the product of 131 with the unknavn number. And wse this as amodel.

3. Problem: The st of agiven quantity of aproduct is given. What isthe st of a
second gven quantity of this product?

Multiply the given cost by the seoond gven quantity, divide by thefirst given
guantity and thisis what was requested.

For example, the st of 11 measures of whed is 7 dnars, and youwant to know the
cost of 15 measures of wheda. Multiply 7 by 15and dvide by 11,to get 9 whole and 6 d 11
parts of one, which iswhat was requested. That is, the st of 15 measuresis9 dnarsand 6
of 11 partsof adinar.

Thisisright, because theratio of the first quantity to the second quantity equals the
ratio of the known cost to the unknowvn cost. Thisis sif evident. Thus the product of the
second guantity with the known cost equal s the product of the first quantity with the
unknown cost. And wsethisasamodel.

Hereis the methodto convert agiven fradion d the day into hous and fradions of
an hou, or to convert agiven fradion d thelitra, which is 20 dnars, into dnars and peshuts
and fradions of apeshut, or to convert anything that is made up o aknown number of parts.

For example, we want to knav how many hous and fradions of an hou there aein
83 d 109 mrtsof aday. We know that the number of housin aday is24. Sotheratio of 83
to 109equalstheratio of the unknovn number of hoursto 24. Multiply 24 by 83, dvide by
109,andthat iswhat was requested. That is approximately 18 hous, 51firstsand 12
se@nds.

Levi uses base 10 for integer parts and base 60 for fradional parts of anumber. Thiswas very
commonin histime. Therefore, “firsts’ and“seconds’ shoud be interpreted appropriately here &
minutes and seaonds. Note however, that the answer iswrong The mrred answer is approximately
18; 16, 31. In ather examples of conversionto base 60 throughou these problems, Levi getsthe
answers predsely corred, so ore shoud na speaulate that there is me flaw in his method, rather that
the numbers were corrupted, and represent scribal errors. Thisisthefirst error of several similar errors
foundin all the extant mss

If the example used alitra, then sincewe know that the number of dinarsin alitrais
twenty, theratio of 83to 109equalstheratio of the unknown to twenty. Multiply twenty by
83 and dvide by 109,to get 15 dnarsand 15 ¢ 109 parts of adinar. Youcan now find the
valuein peshuts by multiplying 12 by 10Gnd dviding by 109to get 11 peshutsand 73 &
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109 arts of apeshut, which is approximately 2 thirds of one peshut. In thisway, youcan
hande simil ar things.

The passage adove states explicitly that there ae 20 dnarsin alitra and impliesthat there ae 12
peshutsin adinar. A litraisameasure of weight, trandated commonly as a pound, and the peshut and
dinar are wins, hencethere ae 240 peshutsto a pound.

The peshut is almost surely the denier, a paper thin lightweight coin of mixed silver and copper, and
the standard coin of Europe for 500 yea's between the 8" and 13" centuries. The dinar isjust as surely
the grostournois, aheavy royal French silver coin introduced by king Louis X of Francein 1266
which becane the standard coin of Europe from the late 13th-14th century [19]. The Jewish traveler
Eshtori ha-Farhi mentions the use of coinsin Provencein the 14" century. Farhi writes that thereisa
small coin that the Arabs cdl ed a pashit, twelve of which are one "white tournois' [25]. No daubt that
the Arab pashit isthe Hebrew peshut, and thisin turn is the denier, whil e the white tournoisis the gros
tournois. Therewereindeed 12 ceniersin agrostournois and 240 aniersin apound [34; 35]. Note
the 12 crowns around the drcumference of the @in in the figure below.

<Insert Coin picture here>

Figure 3. Thegrostournois. Notethe 12 markingsaround the circumference.

Thetermsdinar and peshut are found in the Talmud, referringto generic large and small denominations
respedively. Levi seamsto use the anadhronistic Talmudic names for red coins of hisday. Note that
what was cdled adinar in his day, was the standard muslim gold coin, worth agrea ded more than
Levi’sdinar. Later on, Levi will give aproblem where he talks about dinars and gold dinars.
Presumably, the latter is the dinar of his day, and the former is the gros tournois.

The next four paragraphs are found in all the first edition mss In the second editi on, they are present in
the Jerusalem ms., copied in the margin of Moscow 1063 and omitted from Moscow 30.

Hereisthe methodfor converting avariety of fradionsto ore fradion. Take the
prime denominator of the various denominators of the fradions, extrad the fradions from it,
and the result is the fradion of the cmmon denominator.

For example, if youwanted to convert 3 sevenths and 4 @rtsof 17to asinge
fradion, then take these parts from the common denominator whichis 119,and theresult is
79 partsof 119.

Here is the methodfor converting the parts of a given fradionto aunit fradion.
Divide the denominator of this fradion bythe numerator, and the result is what was
requested.

Levi usesthese last two methods throughou the problem sedion.
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For example, if youwanted to convert 3 sevenths to a unit fradion, dvide seven by 3,
to get 2 andathird. Thisisone of 2 and athird parts of that from which we wanted to extrad
3 sevenths. And wse thisasamodd.

Note “This’ in the seaond sentence of the last paragraph refersto 37. The wordingin Hebrew isaso
ambiguots.

4. Problem: A traveler with auniform movement, walks afixed dstancein agiven
amourt of time. How far will hewalk in asecnd gven amourt of time?

Multiply the second gven amourt of time by the fixed dstance, divide the result by
the given amourt of time, and youwill get what was requested. If one or both of the times
contained hous, then convert the anourt of timeto hous, where hou's are the whale unit.

For example, the traveler traveled 7 measures, 36firstsand 57semndsin 13 ays,
and we want to know: how far would hetravel in 3 days, 17 hous, 52firstsand 16secnds?
We mnvert the daysto hous  that the first given timeis 312and the secondtime is 89
whale, 52firstsand 16seconds. We multiply 7 whale, 36firsts and 57seconds by 89whale,
52firstsand 16secmnds. We divide the result by 312to get 2 whale, 10firstsand 56
semnds. Thisisthe number of measures that he walked in the seaond gven amourt of time.

Thisisan error. The mrred answer is approximately 2; 11, 37. Notethat the number 52 and 22look
alikein Hebrew, andthat if 22 isused instead, then the answer is2; 10, 53, which is much closer to
the given answer but still i ncorred. The Pm2271ms. has 22 for the first occurrence of 52, but not for
theseoond It isnot clea what the @mrred numbers sioud bein this example.

Thisisright, becaise in auniform movement, equal times make equal measures.
Therefore, theratio of time to time equalsthe ratio of journey to journey.

Y ou can now consider the reverse problem. That is, the problem is posed gven a
uniform movement where agiven dstanceiswalked in a given amourt of time. How much
time will it t ake to walk a second gven dstance? Multiply the seand gven dstance by the
given time, converting the daysto housto makeit easier. Divide the result by the first given
distance and thisiswhat was requested.

For example, the traveler walks 7 measures, 36firstsand 57seamndsin 13 diys. We
want to knov: how much time will it t ake him to walk 3 measures? Wemultiply 3 measures
by 312whadle, and dvide by 7whadle, 36firstsand 57semnds, to get 122 houts, 54firsts and
7 seonds, which isthe unknowvn time. Thisis explained bythe very same reason as before.

Thisanswer iscorred to the neaest seoond Note that 54 firstsis 54 minutes.
5. Problem: If two travelers, ore faster than the other, are traveling with unform

movements, and the distance between the faster, who is behind, and the slower, is a fixed
measure; how much time will it t ake the faster to cach the dlower?
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Divide the fixed measure, by the excessdistancetraveled by the faster over the slower
inan hou. Theresult isthe number of hous and fradions of an haur that it takes the faster
to catch the slower.

For example, the faster travels 2 measures and 37secondsin an hou, the slower
travels 30firsts and 24semndsin an hou, and the distance between the slower, whoisin
front, and the faster, is 29 measures and 45firsts. The excessdistancetraveled by the faster
over the slower in an hou, is one measure, 30firstsand 13seconds. We divide thisinto the
given dstanceto get 19 hous, 47firstsand 9secnds. The reasonfor thisis clea from the
previous discusson.

Theresult 19 hous, 47 minutes and 9semndsis corred to the neaest 3600" but not exad. In this
case, Levi usualy saysthat the result isa dose goproximation, but here he does nat.

6. Problem: A cetainfull container hasvarious haesinit. One of the hoesletsthe
contents of the cntainer drain ou in agiven time; aseond hde letsthe contentsdrainin a
semnd gventime; and so onfor ead of the hales. All the holes are opened together. How
much time will it take to empty the container?

Thisisafamous reaeaiona mathematics problem, variations of which have gpeaed from ancient
times until today [33].

First, cdculate what drains from ead hdein ore hou and add the values all together.
Note theratio of thisto the full container. Thisratio equalstheratio of one hou to thetime
needed to empty the container.

For example, abarrel has various hdes: thefirst hoe emptiesthe full barrel in 3
days; the second hde emptiesthefull barrel in 5 chys; ancother hole empties the full barrel
in 20 hows, and ancther hole emptiesthe full barrel emptiesin 12 hous. Therefore, the first
hole empties one of 72 parts of the barrel in an hou; the send hde, ore of 120 frts; the
third hde, one of 20 parts; andthe fourth hde, oneof 12 parts. When we aldthem all up,
the total that emptiesfrom all the halesin an hou is56 d 360 parts of the full barrel. We
divide 360 by 56t0 get 6 whole and 25firsts and 43seconds. Therefore, the time to empty
the barrel is approximately 6 hous, 25firstsand 43seconds. Thereasonfor thisisclea.

Here Levi implicitly usesthe method d converting afradionto aunit fradion, asdiscussed in
Problem 3. Once ajain naethat “firsts’ corresponds to minutes and “ seconds’ corresponds to red
semnds.

7. Problem: The st of agivenitem isa cetain number of dinars. What isthe aost
of agiven set of fradions of thisitem?

Take the ommon dcenominator of all the fradions, and extrad the fradions from it.

Then find the aost of this result, multi ply by the number of the item, and dvide by the
common cenominator, to get what was requested.
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For example, the cost of agold dinar is 25 dinars, and we want to know: what isthe
cost of adinar with half of it, 2 sevenths of it, and 3 fourths of it? The common denominator
of these fractionsis 28. You extract these fractions from it to get 71. Y ou multiply 71 by 25
to get athousand and 775, and thisis the cost of these extracted fractions. Multiply this
number, by the size of the purchase which is one, and divide by 28, to get 63 whole and 11 of
28 parts of one, which isthe cost. That is, 63 dinarsand 11 of 28 parts of adinar. You can
check thisif you wish.

Here we see that Levi distinguishes between the gold dinar which is the standard Muslim dinar, and
the dinar which isthe grostournois. See the commentary in Problem 3.

Thisisright, because the ratio of the fractions extracted from the common
denominator, to the fractions extracted from the gold dinar, equals the ratio of the common
denominator, to one, which isthe size of the item. Thus the ratio of the cost of the fractions
extracted from the common denominator, to the cost of the fractions extracted from the gold
dinar, equals the ratio of the common denominator to one, because it is clear that the ratio of
item to item equals the ratio of cost to cost. Hence, the product of the cost of the extracted
fractions from the common denominator, with one, equals the product of the cost of the
extracted fractions from the dinar, with the common denominator. And use this as amodel.

The explanation is one and the same if the size of the item being sold is arbitrary. For
example, the cost of 7 measures of wheat is 25 dinars, and we want to know: what is the cost
of the wheat with half of it, and 2 sevenths of it, and 3 fourths of it? We extract the fractions
from the common denominator which is 28, to get 71. The cost of theseis 253 dinars and 4
sevenths of adinar. Multiply this by the size of the item being sold, which is 7, divide by the
common denominator, which is 28, to get 63 dinars and 11 of 28 parts of adinar. And use
thisas amodedl.

8. Problem: A merchant sellsitems of different costs, and a buyer wants to purchase
the same measure of each item using a given quantity of his money.

Aswas the standard practice, Levi describes the general case by using a particular example without loss
of generality. He does this throughout the book.

This problem isthe general case of: Givena, b, ¢, d and M, find x such that ax + bx + cx + dx = M.

The method is to add up the costs per measure of each product and note the result.
From each item, he should take the fraction of a measure, equal to the ratio of the total money
in his hand, to the noted result. Thisiswhat was requested.

For example, amerchant is selling four drugs. The cost of the first drug is 7 peshuts
per litra; the cost of the second drug is 8 peshuts per litra; the cost of the third drug is 10
peshuts per litra; the cost of the fourth drug is 15 peshuts per litra. The buyer comes with 3
dinars to buy the same weight of each. With 3 dinars and 4 peshuts he can get alitra of each
one, and theratio of 3 dinars, to 3 dinars and 4 peshuts, is 9 tenths. Therefore, he should get
this much from each drug; that is, 9 tenths of alitra. Thetotal cost is 3 dinars, and you can
check thisif you wish.
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This problem confirms the exchange rate between the peshut and the dinar, namely that there ae
twelve peshutsin adinar. Thisinformation helps identify these ains. See @mmentary in Problem 3.

Thisisright, because theratio of what he takes from ead o the litras, to thelitra,
equals the st of what he takes from eat o thelitras, to the st of thelitra. However, the
ratio of what he takes from an individual litra, to the litra, equalsthe ratio of what he takes
from eath o thelitras, to thelitra. Hence theratio of the aost of what he takes from an
individual litra, to the st of the litra, equalsthe ratio of the st of what he takes from eah
of thelitras, to the st of thelitra. By adding these up, we get that the ratio of what he takes
from them all together, to the number of litras, equalstheratio of the st of what he takes
from them all together, to the st of the number of litras. And wse thisasamodel.

We can solve the following problem similarly. If amoney-changer wantsto buy
variously priced coins with gdd dinars, and wants to buythe same anourt of ead coin, how
many shoud he buy from ea?

For example, the aost of thefirst coinis 3 dinars per gold dnar, the st of the second
is5 dnars per gold dnar, andthe aost of thethird is 7 dnars per gold dnar. The money-
changer wants to buyan equal measure of ead coin, with asingle gold coin. With athird of
the gad, he can buyadinar’ sworth of thefirst coin; with afifth of the gald, he can buya
dinar’ sworth of the other coin; and with a seventh of the gold he can buyadinar’ sworth of
the other coin. Hence, with athird of the gold plus afifth and a seventh o it, he can buya
dinar’ sworth of ead of the ins. Andtheratio o the gald to these fradions, equals the
ratio of what he takes from ead coin, to the dinar. In thisway, he shoud take adinar and 34
of 71 parts of adinar, from ead coin. And wethisacordingy asamodel for similar
problems.

Thislast exampleiscorred but alittle cnfusing, becaise the @st for coinsisgiven in dinars per gold
dinar. Thegold dnar ads here & the standard measure for coins, just asalitradoesfor weight. That
is, agaold dnar’ sworth of thefirst coin costs 3 dnars. The money-changer has one gold dinar, so he
can get 3 dnarsworth of the first coin for hisgold dinar, or adinar’s worth for one third of hisgold
dinar. Thefinal answer comes from inverting 72105, the sum of 1/3, 1/5 and 17.

9. Problem: A merchant sellsitems of different costs. What is the small est number
of measures one can buyfrom eadt ore, so that the wst of what he buys from this one equals
the st of what he buys from that one?

That is, given integers &, & ... &, findthe smallest b;’s such ajb; = &b, = ... = gb,.

The methodisto write dl the astsin arow one dter the other. Beneah them,
alwaysin asingerow, write one number under the other, and doso for ead of the numbers.
After this, take the small est numbers correspondng to these ratios, and the result under eat
item’s cost is the number of measures that he shoud buyfrom that item.

Levi’sdescriptionis also ambiguowsin the Hebrew, as attested to by the half dozen or so diff erent
figuresin the variousmss The ambiguity is made worse by the words “one” (7nx) and “ other”
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(A~ which differ by asingle letter that look alike, espedally in certain hands. The trandation and
figure that appea represent a composite which | believe isthe crred interpretation. His example that
follows justifies my choice Note how the pair for ead ratio isin anew line by itself, just as Levi
insisted “alwaysinasingle row”.

For example, amerchant sell s four drugs. The st of the first drugis 2 dnars per
litra; the cost of the other is3 dnars per litra; the st of the other is12 dnars per litra; the
cost of the other is 20 dnars per litra. We want to knav: how many litras sroud ore buy
from ead ore of the drugs, so that the st of what is bough from one equals the st of
what is bough from the other ones?

2 3 12 20

20 12
30 20 5 3

In oreline, write down the aosts per litra of the items, which are 2, 3, 12and 2Q and
alwaysin anew line underneah, write the matter in the order we discussed before. That is,
write 3 under 2, and 2 undr 3. Similarly, write 12 uncbr 3, and 3 undr 12. Also, write 20
under 12,and 12 unér 20. Afterwards, take the small est numbers that relate acordingto
theseratios, that is, theratio of 3to 2,theratio of 12to 3,andtheratio of 20to 12. These
numbers, acording to the explanation d Euclid, are 30, 20, 5and 3 meaning that theratio of
30to 20equalstheratio of 3to 2,andtheratio of 20to 5equalstheratio of 12to 3,andthe
ratio of 5to 3equalstheratio of 20to 12. And so we buy 30litras from the drug that costs 2
dinars; and thisis the number associated with that cost. We buy 20litras from the drug that
costs 3 dnars. We buy 5litras from the drug that costs 12 dnars. We buy 3litras from the
drugthat costs 20 dnars. The asts of what we buy from eat ore ae dl equal. And use
thisas amode.

Levi isasking for the small est numbers x, y, zand w such that x'y = 3/2, y/z= 12/3 and zZ/'w = 20/12.
That is, 2x=3y=12z=20w. Theleast common multiple of 2, 3, 12 and 20is60; dividing by 2 3, 12
and 20respedively, gives x=30, y=20, z=5 and w=3. At the beginning d hisbook Levi warns that
Books 7-9 of Euclid are prerequisite reading, and that he will not review what he expeds the reader to
know. Inthelast paragraph, Levi kegps his promise, saving hmself alongdiscusson o least
common multiples. Heisimplicitly referring to Book 7Propasitions 33-39.

It is appropriate to stick to this methodif the ast of one of the drugsisin peshuts,
sinceyou convert the aosts of the other drugsto peshuts. Usethis asamodd for similar
things.

Thisisright, because theratio of 30to 20equalstheratio of 3to 2. Hence the
product of 30 with 2 equals the product of 20 with 3. However, the product of 30 with 2
equalsthe st of 30litrasat 2 dinars per litra; andthe product of 20 with 3equals the aost
of 20litrasat 3 dinars per litra. Hence, the st of 30litrasat 2 dnars per litra equals the cost
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of 20litrasat 3 dinars per litra. Similarly, the st of 20litrasat 3 dnars per litra equals the
cost of 5 litrasat 12 dnars per litra, and the aost of 5 litrasat 12 dnars per litra equals the
cost of 3litrasat 20 dnars per litra. And wsethisasamodel.

10. Problem: A merchant sell sitems of different costs, and a buyer comesto
purchase a single measure from all of them, so that the aost of what he buys from one item
eguals the st of what he buys from eat o the other items. How much of the measure
shoud he buy from ead item? What isthe ast of the measure?

The problem isthe general case of: Given a, b, ¢, find x y, z such that, x+y+z =1 and ax=by=cz.

It is appropriate to find the small est number of measures to take from ead item, so
that the asts of ead are equal. When youcomplete thistask, add the numbers together and
note the sum. This sum represents the number of partsin which to dvide the measure. From
ead item, take the number of these parts equal to the number beneah that item, andthisis
what was requested.

In the last sentence, Levi isreferring implicitly to Problem 9, so that when he says “beneah”, he
means the numbers at the bottom of the previousfigure.

However, youlean the ast of the measure, by adding upall the asts of these
small est amourts ead acording to itsitem, which is cost of their combination, and dviding
by the noted sum. Thisiswhat was requested.

For example, amerchant is glling 3 dugs. The st of the first is 7 peshuts per litra;
the st of the seandis 10 peshuts per litra; the st of the third is 20 peshuts per litra; and
the buyer comes to purchase alitrafrom al of them, where the st of what he buys from one
equals the st of what he buys from eat o the others. The small est amourts to take from
eadt ore so that the wstsare equal, are 20, 14and 7. Their sum is41, and thisis the number
of partsin which to dvidethelitra. Buy 20 parts from the drug that costs 7 peshuts per litra;
buy 14 arts from the drug that costs 10 peshuts per litra; and buy 7 jarts from the drug that
costs 20 peshuts per litra. All together, thisis41 parts, which isorelitra

Thisis one of many examples, that can be used eff edively to tead problem solving, by taking the
focus off the mechanicd algebraic manipulation. As he doesthroughou, Levi solvesthis problem
without “substituting” or “solving’ as one might do with accessto modern algebraic todls.

However, the st of thelitraisfound bytaking the wsts of the anourts 20, 14and 7,
respedively, and adding them up. Thetotal is35 dnars. Divide 35 dnarsby 41,to get 10
peshuts and 10 d 41 parts of a peshut, which iswhat was requested. And wsethisasa
model.

Thisisright, becaise the st of 20 litras at the low price, equals the st of 14 litras
at the intermediate price which equalsthe st of 7 litras at the high grice Theratio of 20 o
41 parts of alitra, to 20litras, equalstheratio of 14 o 41 parts of alitra, to 14litras, which
equalstheratio of 7 of 41 parts of alitra, to 7litras. Andacardingly, theratio of the st of
20 d 41 partsof alitra, to the st of 20litras, equalstheratio of the st of 14 d 41 parts of
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alitra, to the st of 14 litras, which equalstheratio of the st of 7 of 41 parts of alitra, to
the st of 7 litras. By exchanging them, theratio of 20 o 41 partsof alitra & the first price,
to 14 d 41 parts of alitra @ the second pice equalstheratio o the st of 20litras at the
first price to the st of 14 litras at the second pice However, the st of 20 litras at the
first price equalsthe st of 14 litras at the second pice Hence, the st of 20 o 41 parts of
alitra a thefirst price equalsthe st of 14 o 41 parts of alitra & the second pice
Similarly, the st of 14 d 41 partsof alitra & the seand price, equalsthe st of 7 of 41
parts of alitra & thethird price. And wse this as amodel.

11. Problem: A merchant sellstwo items at diff erent prices, and a buyer wants to
purchase asingle measure of the two, for a given cost which is greaer than the lower price
and small er than the higher price

The question hereisimplicitly: What fradion o the measure shoud he buy from ead item? The
problem isequivalent to: Givena<b<c, x+y=1andax +cy =b, find xand y.

It isappropriate to take the excessof the higher price over the lower price and dvide
the measure into this many parts. Then take the deficiency of the lower price, to find the
number of partsto buyfrom the higher priced item; and the excessof the higher price to
find the number of partsto buyfrom the lower priced item.

“Deficiency” and “excess’ are with resped to the given cost.
His lutionis: let x = (c-b)/(c-a) and y = (b-a)/(c-a).

For example, the merchant sell stwo drugs. The priceof thefirst is 17 peshuts per
litra, and the price of the seoondis 24 peshuts per litra. A buyer wantsto buya measure of
thetwo at a ast of 19 peshuts. The excessof the higher price over the lower priceis 7, so
divide the measure into 7 parts. The difference between the lower price and 19istwo, so this
isthe number of parts of the measure that shoud be bough from the higher priced item. The
excessof the higher priceisfive, so thisisthe number of parts that shoud be bougtt from
the lower priced item. The st of the measureis 19 peshuts. And wse thisas amodel.

Thisisright, because here we have threedifferent numbers: 17, 19and 24. The
product of 24 with two, which is the excessof the midde over the small, plus the product of
17 with five, which isthe excessof the large over the middle, counts 19, the midd e, as many
times as the excessof the large over the small, whichis7.

Levi isimplicitly referring to Theorem 45in part one of the bookwhich states that givena<b <,
then c(b-a)+a(c-b) = b(c-a). SeeAppendix.

Hence, the sum of the aost of two litras at the price of 24 peshuts ead, pusthe st
of fivelitras at the priceof 17 peshuts ead, equals 7 times 19. The number of litras hereis 7,
hence eab ore sellsfor 19 peshuts. Furthermore, the ratio of two sevenths of alitra, to two
litras, equalstheratio of five sevenths of alitra, to fivelitras. Accordingly, theratio of the
cost of two sevenths of alitra & the higher price, to the st of two litras at the higher price
equalstheratio of the st of five sevenths of alitra & the lower price to the st of five
litras at the lower price. Accordingly, theratio of the aost of two sevenths of alitra & the
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higher price plus five sevenths of alitra a the lower price, to the cost of two litras at the
higher priceplusfive litras a the lower price equalstheratio of the st of two sevenths of a
litra & the higher price, to the aost of two litras at the higher price

Levi isusing the well known theorem that if a/b = c/d, then (a+c)/(b+d) is also equal to them. He
discusses this theorem and similar onesin Sedionf of part two.

However, theratio of the aost of two sevenths of alitra & the higher price to the st
of two litras at the higher price, isaseventh of the wst. Hence theratio of the aost of two
sevenths of alitra & the higher price plusfive sevenths of alitra & the lower price, to the cost
of two litras at the higher priceplusfivelitras at the lower price isaseventh of the cost. It
was alreadly made dea that the total cost is 7 times 19. Hence, the ast of thislitraisa
seventh of 7 times 19, whichis 19 peshuts. And wsethisasamodel.

When Levi saysthat theratio is “aseventh of the cst”, he means that the former cost is 1/7 the latter
cost. That is, theratio itself isequal to /7. Also, noticethat Levi uses “litra” hereinsteal of the more
general “measure” used in the statement of the problem.

12. Problem: A merchant sellsanumber of itemswith dfferent prices. A buyer
comes to purchase asingle measure from them all, whose total cost exceels the lowest price
andis excealed bythe higher price What parts of the measure shoud he buy from ead
item?

Thisis ageneralizaion of the previous problem from two variablesto n. Levi knows that his lution
is not unique, and he impli es this by his comment in the next paragraph “so that the answer will be as
small asposshle”. He dso impliesthat any solution must include apositive measure of each item.
That is, no item can be left out.

It isappropriate to pair up ead ore of the lower prices with ore of the higher prices.
If the higher prices do nd sufficewith resped to the lower, sincethe number of higher prices
iseither greaer or small er, then match upead of the @rrespondng remaining prices, with
the item whose priceis closest to the desired cost, so that the answer will be & gnall as
possble. After you complete this procedure a described for all the pairs, then sum up al the
exceses of the larger number over the smaller number in ead pair, and dvide thelitrainto
thismany parts. If there was an item whaose priceis equal to the desired cost, so that this
item has no pair, then take one part or many parts from thisitem, ac@rdingly as youwish.
Addthis number of partsto the sum, and dvide the litrainto that many parts.

For example, the merchant sells seven drugs. The priceof the first drugis 3 peshuts
per litra; the priceof the second dugis5 peshuts; the priceof the third drugis 8 peshuts;
the priceof thefourthis 11 peshuts; the priceof thefifthis 15 peshuts; the priceof the sixth
is 19 peshuts; andthe priceof the seventh is 28 peshuts. A buyer wantsto purchase alitra
from al with 15 peshuts. There aetwo higher prices. the drugthat costs 19 peshuts per
litra, and the drug that costs 28 peshuts per litra; andthere ae four lower prices: the drug
that costs 4 peshuts, the one that costs 5 peshuts, the one that costs 8 peshuts, and the one that
costs 11 peshuts. We place3 peshuts correspondngto 19 peshuts, and 5 peshuts
correspondngto 28 peshuts. Sincethere ae leftover drugs with lower prices but nore with
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higher prices, we take the higher price that is closest to the desired cost 15, and thisis 19.
We pair up 19 with each of the remaining lower prices, asyou can seein thisfigure.
3 5 8 11
19 28 19 19

We already know how to take a litrafrom each of these pairs, whose cost is 15
peshuts. Accordingly, take 4 of 16 parts of alitrafrom drug 3, and 12 of 16 parts of alitra
from drug 19. Also, take 13 of 23 parts of alitrafrom drug 5, and 10 of 23 parts of alitra
from drug 28. Furthermore, take 4 of 11 parts of alitrafrom drug 8, and 7 of 11 parts of a
litrafrom drug 19. Also, take 4 of 8 parts of alitrafrom drug 11, and 4 parts of 8 from drug
19. The number of all these partsis 58, so we add two parts for drug 15, that has no pair.
We divide the litra up into the resulting number of parts which is 60. We take 4 parts from
drug 3, 13 parts from drug 5, 4 parts from drug 8, 4 parts from drug 11, two parts from drug
15, 23 parts from drug 19, and 10 parts from drug 28. The cost of the litrais 15 peshuts, and
thisiswhat was requested.

Thisisright, becauseit is clear from what preceded, that the cost of 4 litras at price 3,
plus 12 litras at price 19, equals 16 times 15. The matter is similar for each pair of
corresponding numbers. Furthermore, it is obvious that the cost of 2 litras at price 15 is equa
to 2 times 15. By adding everything together, the cost of al these litras, each of whichisa
multiple of 15, equals 60 times 15.

However, the ratio of one of 60 parts of alitra, to alitra, equals the ratio of the price
of one of 60 parts of alitra, to the price of alitra. Itisclear by our previous explanation, that
the ratio of the price of the sum of all the parts, to the price of the sum of thelitras, whichis
60 times 15, equals the ratio of oneto 60. Thus, the price of the parts al together is 15
peshuts, which is one of 60 parts, of 60 times 15. And use thisas amodel.

13. Problem: One man hires another to work a given number of days, for afixed
wage. Thisjob requires the hiring of a certain number of men per day, each of whom leads a
certain number of animals, each of which carries a given number of measures and walks a
given distance. The hired man deviates from some or all of these numbers. How much
should his wages be?

Take the product of all the values that were stipulated, and make a note of it.
Furthermore, take the product of the actual values that were accomplished; and the ratio of
the number you noted, to this product, equals the ratio of the wages he promised him, to the
wages he owes him.

For example, Reuven hired Shimon to work 9 daysfor 10 litra. The job stipulated the
hiring of 13 men each day, each of whom leads seven animals, each of which carries 15
measures and walks 6 parsas. Shimon provided 8 days, 17 men, each of whom led 6 animals,
each of which carried 11 measures and walked 7 parsas. The product of the stipulated
numbers 9, 13, 7, 15 and 6, equals 73 thousand and 710, which isnoted. The product of the
accomplished numbers, 8, 17, 6, 11 and 7, equals 62 thousand and 832. Theratio of 10 litra

30



to what he owes him, equalstheratio of the noted value to 62thousand and 832. If you
multiply 10litra, the first number, by the fourth number, which is 62 thousand and 832,and
you dvide the result by the noted value, youwill get the number of litras and fradions of a
litrathat he owes him. Thisis8 and ore haf litra; and athousandand 7 hunded and 85, ¢
62 thousand and 832 prts of alitra, whichis5 peshuts and 59thousand and 850, ¢ 73
thousand and 710 parts of a peshui.

Recdl that there ae 20 dnarsin alitra, and 12 mshutsin adinar.

Note the eror here. Thelast 62,832in the previous paragraph shoud be 73,710 This carelesserror is
foundin all the extant mss Thereisnoway to know for sure whether it is due to the scribes or to Levi
himself.

Thisisright, becaise theratio of what he owes to what he stipulated, equals the ratio
of what he did, to what he ayreed to do. Andtheratio of what he did, to what he agreed to
do,iscomposed o the ratios of the numbers that were stipulated, to the @rrespondng
numbers that were acomplished. This composed ratio, as we drealy explained, equals the
ratio of the product of the stipulated numbers, to the product of the numbers that were
acomplished. And wsethisasamodd.

Acocordingly, thisexplains: if aman stipulated to another man, to fill a cntainer of
given length, width and depth with a particular item, for a given amourt of money; and he
filled a different container with various diff erent dimensions from what he stipulated; how
much daes he owe him? Here, theratio o the product of the threestipulated dmensions, to
the product of the three atual dimensions, equalstheratio of the stipulated cost, to the
amourt he owes him. Andjudge acordingly for similar cases.

For example, the sell er sold the buyer afull container of oil for 20 dnars. The length
of the container was ten measures, its width was nine and its depth was 12. He adually fill ed
a ontainer whose length was eleven, width was 3x and depth was 17. The product of the
former dimensionsis athousand and 80,and thisis noted. The product of the adual
dimensionsisathousandand 122. Theratio of the noted value to athousand and 122 ,equals
theratio of 20 dnarsto what he owes him.

Thislast example is one of many where we presumably get information abou the msts of goods and
servicesin 13'-14" century Provence.

For units of length, Levi uses the generic word for measure, rather than any spedfic unit. Thisisunlike
weight and money where he uses the spedfic units of litra, dinar and peshut. Perhaps, units of length
were not as gandardized in his day as was weight or money.

(Ed. 1) 14. Problem: Reuven bougl anitem at agiven rate of certain fradions of a
measure for a cetain number of dinars, and sold at ancther rate of certain fradions of the
measure for a cetain number of dinars. The caita isgiven. We want to know if he eaned
or lost, and hav much?

By “capital”, Levi means the anourt he spent.
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The methodisto find the price of ameasurein dnars, at ead rate. It will bethen be
clea to youwhether he lost or earned with ead measure, and hav many dnars per measure.
The total number of measures will thereby also be dea. Multiply the total number of
measures, by what he eaned or lost per measure, and the result is the total number of dinars
that he eaned o lost.

If the problem were reversed, that is, he eained or lost a cetain number of dinars, and
you want to know the caital or the number of measures purchased, then dvide the number
of dinarsthat he eained o lost from the whole transadion, bywhat he eained o lost per
measure. Theresult isthe total number of measures purchased, and their value & the buying
rate, isthe caital.

A spedal case of this“reverse” problem shows up as problem 14 in the second edition.

For example, Reuven bough 2 fifths and 3sevenths of ameasure for 7 dnarsand 8
of 11 parts of adinar. He sold 4 ninths of ameasure for 8 dnars and 3sevenths of adinar.
The caital was ahunded dnars. We want to knowv whether he lost or earned, and hav
much?

The value of ameasure & the buyingrateis9 dnarsand 104 & 319 parts of adinar.
The value of ameasure & the sellingrateis 18 dnarsand 27 ¢ 28 parts of adinar.
Acoordingly, the total number of measures purchased is 10 measures, and 21 hunded and 50,
of 29 hunded and 75 m@rts of ameasure, whichis86 d 119 parts of ameasure. So he eaned
9 dnars and 5thousand 701, 6 8 thousand 932parts of a dinar, per measure. Multiply this
by the number of measures, to find that he eans 103 dnars and 370thousand and 40, ¢ a
thousand and 62thousand 908 parts of adinar, which is 3 thousand 190, & 9 thousand 163
parts of adinar.

Note that “athousand and 62thousand 908 means 1,062098 To appredate this, pause before and
after reading the second“thousand’.

If the problem was that he eained or lost 100 dnarsin thistransadion, and you
wanted to know the capital, then dvide 100 dnars by what he eans per measure, which in
our exampleis9 dnars and 5thousand 701, 6 8 thousand 932 prtsof adinar. Theresult is
the number of measures, which is 10 measures and 32thousand and 310, 6 86 thousand and
89 parts of ameasure. If you multi ply the number of measures, by the total price per measure
a the buyingrate in dnars, the result isthe caital. Thereasonfor thisis completely
explained by ou previous discusson.

(Ed. 2) 14. Problem: A man bougli anitem at agiven rate of a cetain fradion a
fradions of ameasure or litra, for a cetain number of dinars. He sold at ancther rate, of
certain fradions of ameasure, small er than the first, for the exad same number of dinars, and
thereby made aprofit. What isthe caital?

This problem isa spedal case of the “reverse” problem from Problem 14 d thefirst edition. The
method wsed hereis diff erent from the method wsed in the first edition. The first edition works with an
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idea based on the calculations of dinars per measure, while the second edition uses measures per dinar.
However, both editions describe similar problems and discuss three variations of their respective
original problems.

For example, Reuven bought at the rate of 2 fifths and 3 sevenths of a measure, for 2
dinars. He sold at the rate of 4 ninthsfor 2 dinars, and made 100 dinars profit. We want to
know: what isthe capital?

The method is to take the common denominator of these fractions both from the
measure and from the dinars, if indeed there are fractions of either. The common
denominator of these fractionsin our exampleis 315, and that is the measure. Take 2 fifths
and 3 sevenths of it, to get 216.

Thisisan error. Theresult 216 iswrong; it should be 261. Note that changing the buying rate to 2/5
+2/7 makes 216 correct. Thisis more likely the source of the error, than a careless digit swap, sincein
the Hebrew numbering, 216 (y>4) and 261({xo4) do nd look alike. Therest of the cdculationis
consistent with this error, and thereby incorred. Unlike previous errors, this one propagates forward
with consistency, implying that it waslikely in the original, and nd the fault of the scribes.

Hence he buys 108 d these partsfor adinar. Also, take 4 ninths of it to get 140. Hence, he
sells 70 o these partsfor adinar. Accordingly, he profits 38 d these parts with eat dnar.
We drealy know that he eaned 100 dnars, which is 7 thousand d these parts.

Sincehe sdll s at the rate of 70 parts per dinar, 100 dnarsis “worth” 7000 farts.

It is appropriate that we take anumber whose ratio to 108,equalstheratio of 7 thousand to
38, andit isarealy clea how to dothis. If you dvide thisresult by 70, youfind the capital
plus the profit together. If you dvide the result by 108,which is the total number of parts
that he bough for adinar, then you gt the caital. The reasonfor thisis clea from the
precaling dscusson.

“Thisresult” isthe number of partsthat he bough. The number of parts he bough, divided bythe
number of parts he can sell for adinar, equalsthe value he can get for the parts bough, equals the
money he recaved, equalsthe total he spent plustotal profit. The number of parts he bouglt, divided
by the number of parts he can buyfor adinar, equals the value he spent on the parts bough, which is
the capital.

Noticethat this method is diff erent from the one used in the “reverse problem” of Problem 14in the
first edition. The caital in the first edition equals (total measures purchased) * (pricein dinars per
measure); whilein the second edition, the capital equals (total parts of measure purchased)/(parts of a
measure he getsfor adinar). Perhapsthis change is made in order to avoid the big fradions that
appea due to the method d the first edition, or perhaps because this method generalizes more eaily as
seen immediately below.

If we posed the oppdasite problem: that is, helost 100 dnars by buying 4 ninths of a
measure & 2 dnars, and selling 2fifths plus 3 sevenths at 2 dnars; then the methodisthe
same, except that when you dvide the result by 70, you gt the caital, andif you dvideit by
108, you @t what remains after the loss
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Because the buying rate is now 70 parts per dinar, and the selling rate is 108 parts per dinar.

If you ask for the quantity he buys, then divide the result by 385, which is the number
of partsin the measure, and you get the quantity he bought in measures. And usethisasa
model.

Thisisan error. The number 385 should be 315. The numbers do not look aike (naw and yow), but
perhaps the 385 comes from Problem 15 in the second edition, where 385=5*7*11 isused in another
profit/l ossexample.

If the number of dinars were not equal: that is, he buys a cetain fradion d ameasure
a 3 dnars, and sells smefradion d it at 25 dnars, and profits or loses 100 dnars. Using
the previous method, find the parts of the @mmon denominator that you can buyfor adinar,
and the parts that you can sell for adinar. Continue in the manner of the previous method,
and youwill get what was requested.

This generaizaionisthe same athe “reverse problem” of Problem 14 in the first edition.

If the parts were one and the same, bu the number of dinars varied: for example, he
buys4 of 7 partsof alitra, plus5 of 11 partsof it, for 7 dnarsand 8 d 11 parts of adinar;
and he sell sthese partsfor 9 dnarsand 3 d 13 parts of adinar; and he profits 100 dnars,
and the problem posed is: what isthe caital, or what is the quantity he bougtt? The method
isto take the mmmon denominator of these parts of the litra, and dvide the litrainto this
many parts. Youwill derivethe total number of parts he buys with adinar, and the total
number of parts he givesfor adinar. Then continue the matter in the previous fashion, to
know the caital andto know the quantity he bough.

The word (na) “of it” in the phrase “5 of 11 perts of it”, iswritten (na) which means “with 5’ in all
threeof the seaond edition mss, however, the dash onthe leftmost letter is an error.

Andif someone asks: What isthe anourt, based onafixed measure, such that 2
sevenths plus 3 fifths of it exceeals, or is excealed by, 4 nnths of it, by the fixed measure?
The methodis explained in Theorem 49.

Thisreferencerefleds the second edition nunbering d the theoremsin part one. Theorem 49 in the
secondedition daes indead solve this problem, while Theorem 49 in the first edition is unrelated.
Please seethelist of the theorems from part onein the Appendix.

(Ed. 1) 15. Problem: Reuven bough certain fradions of ameasure, for a cetain
number of dinars, and the caital was a cetain number of dinars. He sold pert of the
purchase & adifferent rate of certain fradions of ameasure for a cetain number of dinars;
and he sold the rest at another rate of certain fradions of ameasure for a cetain number of
dinars. He neither earned na lost. We want to know: what part of the purchase did he sell
at thefirst rate, and what part did he sell at the secondrate?

This problem reducesto finding xand y, given a, b and ¢, such that x+y = ¢, and ax = by. In this
formalization, a and bare the two selli ng rates, and c is the quantity bough which equalsthe capital
divided bythe buying rate.
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The solutionis given in the paragraph below as x = cb/(at+b), and y= c - cb/(atb).

If the problem is corred, then it must be the cae that he eans with the first rate and
loses with the second. Findthe st of ameasure & ead rate, and seehow much he loses per
measure with the first, and hav much he gains per measure with the second. Theratio o the
lossto the gain, equals theratio of what he sold at the higher rate to what he sold at the lower
rate. Thiswill be dea with adlight investigation d Theorem 39in pert one.

Theorem 39 in the first editionis completely unrelated. Neither Theorem 39in the secondedition na
any other theorem seansat al related. It isnot clea what Levi intended by this reference

By adding these up, theratio of the loss to the sum of the gain and the loss equals the ratio
of what he sold at the higher rate, to the size of the whaole purchase. Sinceyou knaw threeof
these, youcan find the fourth in the fashion presented at the start of this sdion.

For example, Reuven bought at the rate of 2 sevenths of ameasure for 3 dnarsand a
fourth of adinar, andthe caital was 100 dnars. He sold part of the purchase & therate of 4
ninths of ameasure for 6 and athird dnars. He sold the other part at therate of 5 of 11 parts
of ameasure for 4 dnars and afifth. The st of ameasure & the buyingrateis 11 dnars
and 3eights of adinar. The value of ameasure & thefirst rateis 14 dnarsand afourth of a
dinar. At the semndrate, thevalueis9 dnarsand 6 d 25 parts of adinar. Accordingly, the
quantity purchased is 8 measuresand 72 ¢ 91 parts of ameasure.

Thislast value equalsthe caital, 100, divided bythe buyingrate, 11 38. Thelast word , “measure”,
isclealy the corredt word. However all first edition mss have a caelesserror and wse “dinar” instead.
The caelesserror could be éther original or due to scribes.

The eanings per measure, acarding to thefirst rate, is2 dnars and 7eighths of a
dinar. Thelossper measure, acording to the secondrate, is2 dnarsand 27 ¢ 200 @rts of a
dinar. The sum of the eanings andthelossis5 dnarsand 2 d 200 parts of adinar.
Multiply the lossper measure, in dnars and fradions thereof, by the total amourt purchased,
in measures and fradions thereof; and dvide by the sum of the eanings andtheloss in
dinars and fradions thereof. Theresult isthetotal anount purchased, in measures and
fradions thereof, that were sold at the higher rate. Multiply 2whole and 27 ¢ 200 farts of
one, by 8whoe and 72 ¢ 91 parts of one. Dividetheresult by 5whoe and 2 d 200 parts of
one, to get the total amourt purchased, in measures and fradions thereof, that were sold at
the higher rate. The remainder of the measures purchased were sold at the lower rate.

Many variations are now discus<d.

If the problem was that he eained o lost some number of dinars, then extrad the total
number of measures which he eaned or lost, from the total number purchased, and make a
note of it. Split what remains of the purchase in the previous fashion, and find the anourt
sold at the higher rate. The leftover iswhat he sold at the lower rate. If helost, then add the
amount sold at the lower rate, to the noted value. If he eained, then add the noted value to
the amount sold at the higher rate.
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If the problem was that he sold 20 measures at the higher rate, and we want to know
how many measures he should sell at the lower rate in order that he neither earns nor loses,
then the ratio of 20 measures to the unknown, equals the ratio of 2 dinars and 27 of 200 parts
of adinar, to 20 dinars and 7 eighths of adinar. Accordingly, you can find the unknown
number in the previous fashion.

The preceding discussion explains the following. If aman trades oneitem for
another; and the value of certain fractions of the item he offersis a certain number of dinars;
and the value of different fractions of the item he recelvesis another number of dinars, what
does he deserve to receive? For each item, find the value of one measure. Theratio of the
value of ameasure for the item he receives, to the value of a measure for the item he offers,
equals theratio of the total measures he receives, to the total measures he offers. Three of
these numbers are known, so you can find the fourth.

Also, if you know the sum total of the measures offered and received, you can extract
how many measures he offered and how many he received. Take the price per measure for
each item. Theratio of the price per measure of the item he offers, to the sum of the prices
per measure of what he offers and receives, equals the ratio of the measures he receivesto the
sum total of all the measures he offers and receives. Three of these numbers are known, so
you can find the fourth.

Also consider, if aman traded one item for two items; the price of certain fractions of
ameasure of the item he offers, is a certain number of dinars; the price of other fractions of a
measure of one of theitems he receivesis given; the price of other fractions of a measure of
the two items hereceivesis given; he offers acertain number of measures, hereceivesa
certain number of measures of the two items; and we want to know: how many measures
did he receive from the first item, and how many from the second?

Takethetotal value of what he offered and divide it by the number of measures he
receives. Thiswill be the combined value per measure of these two items. Y ou aready
know the method for deciding what part of a measure to take from the first item, and what
part from the second item, such that the value of the measure will be a fixed amount.

The method referred to in the last paragraph is from Problem 11.

Accordingly, multiply the part of the measure taken from the item one, by the number
of measures taken from both items. The resulting fractions are the fractions of a measure he
receives from thisitem, and the remainder is what he receives from the other item. The
reason for thisis clear from the previous discussion.

For example, Reuven gives Shimon, 7 measures of acertain item, that costs 2 dinars
and a seventh per measure; he receives 9 measures of two different items from Shimon, the
cost of thefirst isadinar and a half per measure, and the cost of the second is2 dinarsand 3
guarters per measure. The value of the 9 measures he received is equal to the value of the 7

36



measures he gave. We want to know: how many measures did he receive from the first item
and how many did he receive from the second?

We know that the value of what he received is 15 dinars.

Thisis because the seven measures he gave are worth 2 1/7 dinars per measure, and we are told that
these seven measures total are worth the same as the nine measures he received.

Accordingly, the value per measure of what he receives, isadinar and 2 thirds. Since
the value per measure of thefirst item isadinar and ahalf, and that of the second item is 2
dinars and 3 fourths, he should take 2 of 15 parts of a measure from the item whose value is 2
dinars and 3 fourths, and 13 parts of a measure from the other item. And the value of a
measureisadinar and 2 thirds of adinar. Thisis made clear by converting all the fractions
of adinar to parts of the same kind, that is, the third, the half and the fourth. Thus the deficit
of the smaller is 2 of these parts and the excess of the greater is 13 of these parts.
Consequently, it is clear that he should take 7 measures and 4 fifths of a measure from the
item whose value is a dinar and a half per measure, and take the rest from the other item.

The variations that follow are generalizations of Problem 13.

Similarly, if aman stipulated to pay another man a certain wage in dinars for a certain
amount of time; and for each day that he misses, the worker pays a certain number of dinars
to the hirer; the worker works a certain number of days and misses a certain number; and his
loss exceeds his gain; how much time did he miss?

Find the total number of dinars that the worker earns in aworking day, and the total
number of dinarsthat he losesin amissed day. Theratio of the total dinars earned to the
total dinarslost, equals the ratio of the time he missed to the time he worked. Thisis self
evident. Now that three of these numbers are known, you can extract the fourth from them.
Also, if the sum of the two times was known, you could find out how much of the time he
worked and how much he missed, in the previous fashion.

(Ed. 2) 15. Problem: A man traded an item for another. The price of the item he
gave isfixed for certain fractions of ameasure. The price of theitem hereceived isfixed for
certain fractions of ameasure,. He gave a certain measure. How much should he receive?

For example, the item he gave costs 2 dinars for 3 fifths plus 2 ninths of a measure.
The item he received costs 3 dinars for 3 of 11 parts of a measure plus 2 sevenths of a
measure. He gave him 20 measures. We want to know: what should he receive?

The method is to take the common denominator of these parts, both from the measure
and from the dinar, to the extent that there were any such parts. For each price, find the
number of parts that are worth adinar. The ratio of these parts for the item given, to these
parts for the item he received, equals the ratio of the quantity given to the quantity received.
The common denominator of all these partsis 3 thousand and 465. Extract 3 fifthsand 2
ninths to get 2 thousand 464.
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Thisisan error. The number 2464 should be 2849. It would be correct if the fraction 2/9 was
changed to 3/9. The rest of the problem is consistent with this error and thereby incorrect. Because
the error propagates on, it is likely that it appeared in the original and unlikely to be the fault of the
scribes.

Accordingly, for theitem he gave, the number of parts per dinar is athousand and
232. Extract 2 sevenths and 3 of 11 parts of a measure, to get athousand and 935.
Accordingly, for theitem he received, the number of parts per dinar is 645. Theratio of a
thousand and 232, to 645, equals the ratio of what he receives, to 20 measures; and you
already know the method to get the missing number. The reason for thisis clear. And use
thisas amode.

Asin Problem 14, the distinction between Problem 15 of the first edition and Problem 15 of the
second edition, isthat the first edition uses dinars per measure, and the second edition uses measures
per dinar.

Similarly, itisclear: if aman stipulatesto pay another man a certain wage in dinars,
for a certain time period of work, and the worker gives up after part of the time, and hisloss
exceeds his gain, how much was the |oss?

Thisisaspecial case of Problem 13.

For example, Reuven hired Shimon to do ajob lasting 7 days and afifth of aday, for
20 dinars. Shimon gives Reuven 4 of 11 parts of adinar for each day he misses. Shimon
worked 2 days and 3 of 7 parts of aday, gave up, and hisloss exceeded his gain. We want to
know: how much did he lose?

We take the common denominator of all these partsto get 385, and divide the day
into this many parts.

The 385 is correct here. However, in Problem 14 of the second edition, 385 appearsincorrectly in
place of 315. It may have been incorrectly copied from here. See commentary there.

Then find the number of these parts for which he earns a dinar, and the number of
these parts for which heloses adinar. The ratio of the number for which he earns, to the
number for which he loses, equals the ratio of 2 days and 3 sevenths, to the time he missed.
He earns adinar with each 138 parts and 12 of 20 parts of apart. He loses adinar with each
thousand and 58 parts and 3 of 4 parts of apart. And suchistheratio of 2 daysand 3 of 7
parts of aday, to the time he missed. And use thisasamodel.

Note again the consistent style in the second edition of day per dinar rather than dinar per day. Note
also, that Levi was not averse to using parts of a part.

And if someone asked: What is the number, such that given fractions of it, equal
different given fractions of a given number? The method is shown in Theorem 51.
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This reference reflects the second edition numbering of the theoremsin part one. Theorem 51 in the
second edition does indeed solve this problem. Theorem 51 in thefirst edition isunrelated. Please see
thelist of the theorems from part one in the Appendix.

VIII. A Critical Edition of Problems 1-15

We present acritical edition in Hebrew of Problems 1-15 using all twelve extant mss.
The critical apparatus appears only in the Hebrew. The English translation and commentary
repeat and expand on the important points, but do not duplicate every dull detail. On the
other hand, the commentary which appears only in English, is often necessary to decipher the
difficult passages. Any errorsfound in all extant mss. are footnoted, and commentary on
these can be found in the tranglation.

The critical apparatus attempts to be comprehensive but for practical considerations |
leave out certain types of changes that vary widely and randomly, and do not effect the
meaning of the passage. These include variations of feminine and masculine formsin verbs
and nouns, variations of writing numbers one through ten as aword or as aletter, and trivial
variations in abbreviations, spelling or plural formations (for example, mem versus nun).
Despite this, the apparatus is still quite dense and includes many variations, that may not
interest the casual reader. If the scribe made correct corrections or changes, then these are
not noted. However, if the correct corrections were made by a subsequent owner or editor,
then the mistake or omission, and correction are footnoted. Various tables and figures are
found in some of the mss. Because of the broad variation and the fact that these are not
textual, | present the best composite.

Footnotes appear with comments at the bottom of each page. All punctuation,
paragraphs and numbering have been added for the sake of the reader, and to allow easier
cross referencing with the translation. Slashes or marks above letters are reproduced
carefully, with letters that represent numbers printed normally, and letters that represent
variables printed in bold, see the discussion in section V. These marks are aso used at the
end of aword that is abbreviated. This happens often with the words Dinar, Litra, Peshut and
their plural forms.
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Appendix: List of the Theoremsfrom Part One of Maaseh Hoshev in the Two
Editions, with Brief Notes.

The regular numberingis from the first edition, and the numberingin parentheses is from the second.

1. The product of 2 numbersa and b, isa alded to itself b times.
(No prodf).

(@D} 2. The product of anumber a and another b=b; + b, + ... + b,isab; + ab, + ... + ab,.
(Proof just unravels the theorem using 1).

(2 3. Theproduct of 2 numbersa=a +a& + ... +tapand b=b; + b, + ... + b, is
alb1+ alb2+ .ot a.lbn +a2b1+agb2+ ...+aan + ---+3mbl+ 3mb2+ .ot men
(Proof just unravels the theorem using 2).

3 4. The product of anumber a= b + c with bisequal to & + bc.
(Corollary of 2, proof isimmediate).

()]

. (al2 + b) squared is equal to (atb)b + (a/2)?
(Proof uses 3).

(4)

[¢)]

. (atb)? =& + b* + 2ab.
(Proof uses 3).

()

~

. (atb)?> = a(ath) + ab + b?
(Proof uses 3).

(6)

8. If a= b+c, then either (a/2)? = bc + (b —a/2)? or (a/2)* = bc + (c — a/2)>
(Proof uses 3. Does hot consider the negative cae.)

) 9. a(bc) = b(ad) = c(ab).
(Proof uses 1).

(8) 10. a(bcd) = b(ad) = c(abd) = d(abc).
(Proof usesinduction and 9, and expli citly implies a more general theorem,
that you can take any n numbers, and their product will be the same
as the product of any n-1 terms times the remaining term).

9) 11. a(bed) = (ag)(bd).
(Proof uses 10, and explicitly implies a more general theorem, that you can

take any n numbers, and their product will be the same & the product of
any n-2 terms times the product of the remaining two terms).

(10 12. a(by)(by)...(b) = by(@)(b2)(b3) ... () = bx(a)(b1)(b3) ... (bn) = .= by(@)(b)(b2)...(bn1).
(Completely generalizes 10and 11).

(1) 13 Theratio ((ag)(&)..(an)/((by)(02)...(br)) = (2/by) (&/D,) ... (&/bn).

(12 14. Theratio ((a1)(&)...(a))/((b1)(by)...(bn)) equalsthe product of a/b;, where eatii and
between 1 and n appeas exadly once

--- 15. If aisrelatively primeto b= (by)(by)...(b,), then aisrelatively primeto b, for al i from 1 to n.
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16. A number athat isrelatively primeto all the integers lessthan al] is prime.
(aisliteraly: Vx where x is the first square larger than a.)

17. If onetakes afradion of agiven number, and then afradion of the remainder and
continues arbitrarily, then the final remainder will be the same no matter what order the
fractions were taken. Also, the sum of all the pieces taken will be the same.

18. If one takes afradion of a given product, and then afradion of the remainder and
continues arbitrarily, then the final remainder will be the same no matter what order the
fradions were taken.

(13 19. The number of termsin the sum 1+ 2+ ... +n, isequal to the number of 1'sin n.

(19 20. The number of oddtermsin the sum 1+2+...+2n isequal to the number of even terms.

(15 21 Inthesum, n + (n+1) + (n+2) + ... + (n+m), the last term is m greaer than the first.

(16) 22. Inthesum (n-m) + (n-m+1) + ... + n + (n+1) +...+(n+m), the last term exceeds
the middle term by the amount that the middle term exceels the first term.

a7 23. Inthe sum (n-m) + (n-m+1) + ... + n + (n+1) +...+(n+m), thefirst term is odd
iff thelast termisodd

(18) 24. If al=c-b, thenatb = c+1.
(29 25. If ac = c-b then a+b = 2c.

(20 26. 1+2+..+n, whereniseven, isequal to (n/2)(n+1).
(Literaly, half the number of terms times the number of terms plus 1. Proof works
fromoutside in, in pairs $rowingthat ead pair sumsto n+1,and there ae n/2 pairs).

(2D 27. 1+2+..+n, wherenisodd is equd to ((n+1)/2)n.
(Literaly the midd e term times the number of terms. Proof works from inside out,
in pairs sowing that ead pair sumsto twicethe midde term.)

(22 28. 1+2+...+n, wherenisodd isequa to (n/2)(n+1).
(Literaly, half the last term times the number after the last term.
Proof uses propartions, algebralike idea and 21).

(23)  29. 1+3+5+..+(2n-1) = n?
(Literaly, the square of the middle term. Provesit first for an odd number of terms,
then an even number).
(24) 30, (1+2+..4n)+(1+2+.. +n+(n+1)) = (n+1)2
(25) 31 2(1+2+..+n) = n’+n.
(Proof uses 30).
(Corollary: Thesum 1+2+ .. + n=n%2 + n/2.)

(26) 32 1+ (1+2) +(1+2+3) + ... + (1+2+..+n) = 22+4%+6%+.. +n%, neven; and 1°+3%+5%+..+n?, n odd
(Proof uses 30).

(27) 33, (1+2+3+..+n)+(2+3+4+.. +n)+ ... + n = 1%42%4+3%+. +n’
(Proof uses a murting argument).
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(28) 34. (1+2+3+...+n)+(2+3+4+...+n)+ ... + n+1+(1+2)+(1+2+43) + ... + (1+2+...+(n-1)) = n(1+2+3+...+n)
(Proof uses a counting argument).

(29)  35. (n+1)*n?- (n+1+n) = 2n?
(30) 36. (1+2+3+...+n)+(2+3+4+...+n)+ ... + n - (L+2+3+...+n) =
2(2°+4%+6%+...+(n-1)%), n-1 even; and 2(12+3%+5%+...+(n-1)%), n-1 odd.
(Proof uses 33 and 35).

(31)  37. n(1+2+3+..+(nt+1)) = 3(1%+3%+5%+...+n?), n odd; and 3 (22+4%+6°+...+n?), n even.
(Proof uses 32, 34 and 36).

(32)  38. (n-(1/3)(n-1)) (1+2+3+...+n) = 1%42%+3%+.. +n°
(Proof uses 32, 33, 34 and 37).

(33)  39. (n*-n)/2 = (1+2+...+(n-1))
(Proof uses 30).

(34)  40. (n*-n)/2 + n=(1+2+...4n)
(Proof uses 30).

(35) 41 (1+2+3+..+n)?=n®+ (1+2+3+...+(n-1))?
(Proof uses 30 and 6).

(36)  42. (1+2+3+..+n)% = 13+2%+3%+ . +n°
(Proof by induction using 41).

(37)  43. Let m= 1+2+3+...+n, then 13+2°+3%_+n® = 1+3+5+...+(2m-1).
(38) 44. ab+a= (b+1)a, and ab+b = (a+1)b.
(39 45. Given a<b<c, then c(b-a)+a(c-b) = b(c-a).

(40) 46. Given 2<a<b, then 2(a-2)(b-1)+b+(a-2)+(b-a) = 2(a-1)(b-1).
(Minor differencesin the two editions).

(41)  47. Given a<b, then ba+(b-a) = (a-1)(b-1)+b+(b-1).

(42 48. Given 2<a<b, then 2(b-1)(a-2)+b+(a2)+(b-a) = (a-1)b+(a-2)(b-1)+(b-a).
(Minor differencesin the two editions).

(43) 49. Given a<b<c, and d=a-2, then 2(c-1)(b-a)+cd+(c-1)d+c+(b-a)+(c-b) = 2(b-1)(c-1).
(Minor differencesin the two editions).
(Generalizes 46).

(44) 50. Given a<b<c, and d=a-2, then 2(c-1)(b-a)+(ch)d+(c-b)(a-1)+c+(b-a) = (b-1)(c-1)a
(Major differences in the two editions).

(45) 51. Given a<b<c, then (c-1)(b-a)+c+(b-a) = c(b-a+1).
(46) 52. Given a<b<c, then (c-1)(b-a)+(a-1)(c-b)+c+(b-a) = b(c-a+1).
(47-8) 53. Find x,y,z such that x+(y+z)/a= y+(x+z)/b = z+(x+y)/c, where a<b<c...

(49) 54. Find x, such that fractions of x minus smaller fractions of x, equals a.
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(50) 55. Given that x + big fractions of x is smaller thany + small fractions of v,
find z, such that x + big fractions of z+y, equalsy + small fractions of z+x.

(51)  56. Findx, such that given fractions of x, equal other given fractions of a
(52)  57. Findx,y, such that x + fractions of y, equalsy + other fractions of x.
(53)  58. Findx,y,z suchthat x+z = ay and y+z = bx.

(54) 59, (a)*(@)(8)*(a)" = ((an)(2)(2a)--(a)’

(55 (ab’)(ac’) = (abo)®

(568)  60. (a)*(2)*(8)°...(8)° = ((@n)(2) ().~ (&)’

(56b) (ab’)(&c?) = (abe)®

(57)  61. ab’+ba’ = ab(ath)

(58)  62. (at+b)® = a*+3ab(at+b)+b®

(59) 63. Pn.1 = (n+1)P,, where P, isthe number of different waysto order n elements.
(Corollary: P,=n!).

(60) 64. P,,=n(n-1), where P, is the number of ways to order m elements out of n.

(62) 65. Pymir = Pam (N-m).
(Corallary: P,y = nl/(n-m)! = n(n-1)(n-2)...(n-(m+1))).

(62) 66. Pym = CymPm, Where C,, , is the number of ways to choose m elements out of n
without regard to order.

(63) 67. Com= Pom/Pm

(64) 68. Chnm=Chm.
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