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Abstracts

Gersonides Maaseh Hoshev, (The Art of Calculation), isamajor work known for its ealy use of rigorous
combinatoria proofs and mathematicd induction. Thereisalarge sedion o problems at the end o the book with
the theme of propartions, which urtil now remained unpullished. | present a aiticd edition d thismaterial. | aso
uncover apreviously unknovn seandedition  Maaseh Hoshev. The material is appropriate for credive
pedagogyand provides econamic detail s of the author’s culture and environs. A previous article presented the first
fifteen problems and this article presents the rest.
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Le Maase Hoshev (L’ Art du Calcul) de Gersonide est un ouvrage majeur connu pour son usage preccede
preuves combinatoires rigoureuses et de I’ induction mathematique. Lafin del’ouvrage comporte une
sedion importante wnsaaee aune serie de trente problemes aur le theme des propartions qui etait restee
inedite jusqu’a cejour et don't je presente pour la premiere fois une ition critique. Jerevele egalement

I’ existence d’ une seconde ddition de Maase Hoshev. Le materiau peut servir de base ades projets de
pedagogie aedive d offre desdetail s aur la ailture & I’environement de I’ auteur. Cet article fait suite a
une premiere dude qui presentait |es quinze premiers problemes de Maase Hoshev et en presente les quinze
autres.
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|. Introduction

This paper is the second half of acritical edition with trandation and commentary
of acollection of heretofore unpublished problems, by the noted medieval scientist,
philosopher and mathematician, Levi ben Gershon, ak.a. Gersonides. The publication of
these problems coincides with my discovery of a second edition of Maaseh Hoshev, the
book which contains these problems. Please see part one of this critical edition, in the
previous issue of thisjournal, for adetailed introduction, context and further analysis.

Il. Trandation of Problems 16-21 from Maaseh Hoshev with Commentary

(Ed. 1) 16. Problem: We multiply one number by another and get the result.
The sum of the two numbersis given. What are each of the numbers?

Thisisafamous ancient problem on quadratic equations, reappearing throughout history, and
Levi gives the well known Babylonian presentation and solution. Thisisthe only problem in the
book that does not use proportions. The treatment hereis very different than the Arabic algebra
which preceded Levi. Levi considers only the simplest of quadratic equations, and does not
pursue any broader categorization. He also does not present any geometric context

It asks, given M and N, to find x and y, such that x+y = M and xy = N.
The solution given below is: x = M/2 + V((M/2)*-N) and y = M/2 - V((M/2)*-N).

Take the square of half the sum of the two numbers, and subtract the result from
it. Takethe square root of what remains, and add it to half the sum of the two numbers,
to get the first number. |f we subtract it from this half, you get the second number.

For example, the sum of two numbersis 13, and their product is 17. We know
that the square of half of 13, is42 and aquarter. Subtract 17, leaving 25 and a quarter.
Extract the square root, to get 5 whole and one first, 29 seconds, 46, 34. Add thisto 6
and ahalf, which is half of 13, to get the first number: 11 whole, 31 firsts, 29, 46, 34.
The second number is. one whole, 28 firsts, 30, 13, 26. The product of one with the
other is 17 to a very close approximation.

The numbers here are given in base 60. Levi, of course, uses spaces, hot commas, to separate one
base 60 digit from another.

It isimpossible to find this number exactly, because 25 and a quarter does not
have atrue square root, as was explained. Thisis because the ratio of 25 and a quarter, to
25, equals the ratio of a hundred and one, to a hundred. But the ratio of a hundred and
one, to ahundred, is not equal to theratio of asquareto asquare. Sinceif thiswasthe
case, a hundred and one would be a square, because a hundred isasquare. But if a
hundred and one was a square, then its square root would be awhole number, and that is
false.

Clearly Levi knew the all rational square roots are integers. See his Biblical commentary
regarding the value of 1tin [32].



If the problem was: we multiply a given number by afixed part of itself; and we
add the result to the product of this part with the remaining part of the given number; and
the answer is given; what are each of the parts? Take the square of the whole number,
and subtract from it, the sum, composed of the product of the number with a part of itself,
and the product of this one part with the other part. Take the square root of what remains,
and thisisone part. What remains from the number is the fixed part.

Thisasks, given M and N, to find x and y, such that x+y = M, and Mx+xy = N.
The solutionis: y = V(M*N) and x = M-y = M-V(M*N).

For example, the product of ten with a given part of itself, plus the product of this
part with the second part, equals eighty. We want to know: what isthe given part? The
square of ten isahundred. We subtract eighty from thisto get twenty. We extract the
sgquare root, which is approximately 4 whole, 28, 19, 41, 21, and thisis one part. What
remainsis 5 whole, 31, 40, 18, 39, which isthe given part. If you multiply these parts by
ten and by the leftover, you get eighty to a very close approximation.

If the problem was: we multiply a given number with agiven part of itself; and
we add the result to the square of the remaining part; and the answer is given; and we
want to know: what are each of the parts? Subtract it all from the square of the whole
number. Subtract what remains, from the square of half the number. Extract the root of
what now remains, and add it to the half the number. Thisisthefirst part. What remains
from the number is the second part.

Thisasks, given M and N, to find x and y, such that x+y = M and Mx+y” = N.
The solutionis: y = M/2 + V((M/2)*(M*N)) and x = M-y = M/2-V((M/2)>-(M*N)).

For example, the product of ten with one part of itself, plus the square of the other
part, iseighty. We want to know: what is each one of the parts? We subtract 80 from a
hundred, and get twenty leftover. We subtract twenty from 25, and get five |eftover. We
extract the square root which is approximately 2 whole, 14, 9, 50, 40. We add thisto five
to get thefirst part, whichis. 7 whole, 14, 9, 50, 40. The second part is. 2 whole, 45, 50,
9, 20.

In standard Hebrew notation 59 is indistinguishable from 50 9 except for the space between the
letter for 50 and the letter for 9. None of the mss. correctly include the space, likely due to
careless and/or ignorant scribes.

The product of 10 with either one of these parts, plus the square of the other part,
is approximately eighty. Itisclear with alittle investigation from our previous
discussion, that whichever part is multiplied by ten, and added to the square of the other
part, the result is one and the same. Thisis because the result is equal to the product of
thefirst part with the second plus the squares of the two parts.

(Ed.1) 17. Problem: We added one given number to certain fractions of a
second given number and got aresult equal to the sum of the second given number with



different fradions of the first given number, and thisresult isknown. What isead of the
numbers?

This problem is completely out of charader with the rest of the sedion. It isamost ten timesthe
length of the shorter problems. It spends alarge percentage of its pace with detailed proofs
which are dl but unreadable. One proof uses nolessthan 27 \eriables causing Levi to exhaust all
22 |ettersin the Hebrew alphabet, and then use the spedal symbalsfor the 5 letters which look
different when placed at the end o aword.

The methodis to convert the fradionsinto unt fradions. After this, extrad the
numbers that med the condtions, in the way that is explained in Theorem 52. Thiswill
be made dea from the proadf therein. It isworth knowingthat the dl the explanationsin
theorems 47, 48and 53work for fradions even when they are mnverted to urit fradions.
Thiswill also be made dea from the proafsin the theorems.

The referencesto theorems here ae dl acarrate ssuming the first edition numbering. The main
theorem is 53 with the other theorems ading as lemmas, as we will seelater.

After you complete the work of finding the numbers that mee the wnditions, you
will know the sum of the first given number with the given fractions of the second gven
number, and this is the number correspondng to the known result. Y ou can extrad the
numbers correspondng to the two numbers, in the fashion described at the start of this
sedion.

The method* of finding the numbers that med the mndtions’ isequivalent to finding xand y,
such that X+(alb)Y =Y +(c/d)X, where db and c/d are given fradions lessthan ore. Levi’s
solutionis: X = (d/c)((b/a)-1) and X = (b/a)((d/c)-1). The methodis used below to find U and V,
given M such that U+(a/lb)V = V+(c/d)U = M. Thisisdore by setting upthe propartions X/U =
YIV = (X+(@b)Y)IM = (Y+(c/d)X)/M.

For example, the first given number plus 2 sevenths and aninth o the seaond
given number istwenty. If youaddthe seaond gven number plus 2 fifths of the first
given number, youalso get twenty. We want to know: what is ead of the numbers?

We mnvert 2 sevenths plus aninth to aunit fradion. Thisis one part, of two and
13 o 25 parts of one. We dso convert 2 fifthsto aunit fradion. Thisis one part, of two
and ahalf. After this, we extrad two numbers that med these mndtions, acordingto
the explanationin Theorem 52. Accordingly, multiply one and 13 ¢ 25 parts of one, by
2 whoe andahalf, to get 3 and 4fifths, which isthe first number. Multiply one anda
half, by 2and 13 @rts of 25,to get 3whade and 39 ¢ 50 parts, which is the second
number. The first number plus 2 sevenths and a ninth of the seand nunber, equals 5
whole and 3tenths, and so dces the second number plus 2 fifths of the first number.
Sinceyou knaw that the number correspondngto 5whaole and 3tenthsis twenty, then
using thisratio, extrad the numbers correspondngto the first and second numbers, and
these ae what were requested. Multiply the first number by twenty and dvide by 5
whole and 3tenths, to get that the first given number equals 14 whole and 18 prts of 53.
In the same fashion, the second gven number equals 14 whole and 14 ¢ 53 parts of ore.
And wsethisasamodd.



Thisisright, becaise theratio o the first number to the first given number, equals
theratio o the result to twenty, which equalsthe ratio of the second number to the second
given number.

First Result Semwnd
3 whde and 4fifths 5 whde and 3tenths 3whade and 39 @rts of 50
Given First Result Given Seamond
14whde and 18 p@rts of 53 Twenty 14whde and 14 @rts of 53

Similarly, theratio of 2 fifths of the first number, to 2fifths of the first given
number, equalsthe ratio of the first number to the first given number. Thus, theratio of 2
sevenths and a ninth of the second number, to 2 sevenths and a ninth of the seacond gven
number, equalstheratio of the seaond number to the second gven number, which equals
theratio o the first number to thefirst given number. By adding the two correspondng
numbers, we dso get that theratio of their sum to the sum of their correspondng pairs,
equalstheratio of the result to twenty. Accordingly, the ratio o the sum of the seaond
number and 2fifths of the first number, to the sum of the second gven number and 2
fifths of the first given number, equalstheratio o the result, whichis5whoe and 3
tenths, to twenty. By exchanging them, theratio of the sum of the second number and 2
fifths of the first number, to the result, equals theratio of the sum of the second gven
number and 2fifths of the first given number, to twenty. But thefirst of these four equals
the seaond, so the third equals the fourth. Hence, the seand gven number plus 2 fifths
of the first given number istwenty.

If the problem was to add multi ples of the second number to the first number, and
multi ples of the first number to the seaond, so that the result is the same, then take one
away from the multi ples of the first number, and what remains is the seand nunber.
Similarly, take one avay from the multi ples of the second number, and what remainsis
the first number. Youwill findthat these numbers med the required conditions.

Here Levi discusses asimpler method, which because he does not use negative numbers, works
only when the fradions are greaer than ore. By “multiple”, Levi means a number greder than
one. Themethodisto find X andY, such that X+(a/b)Y = Y +(c/d)X, where db and c/d are
fradions greaer than ore. The solutionis X = (a/lb)-1 andY = (c/d)-1, which isjustified in the
example that foll ows.

For example, the first number plus 2 times the second gus half the second, equals
the seaond number plus 3 times the first plus a quarter of the first. Set thefirst at one and
ahalf; andthe secondat two and aquarter. Accordingly, thefirst plus 2 timesthe
second gus half the second, equals the sum of the first and the seand, and the product of
one and ahalf, which isthefirst, with two and a quarter, which is the second. Similarly,
the seaond pus threetimes the first and a quarter of the first, equals the sum of the
secondand the first, and the product of the second, which istwo and a quarter, with ore



and helf, which isthefirst. Thusit isclea, that the result isone and the same, and it
equals 7 whae and an eighth. If the problem stated that the first number is twenty, then
you could also figure out the second number. Toward this end, theratio of the first
number to twenty, equalstheratio of the second,which is 2 and a quarter, to the
unknown. Accordingly, the second number isthirty.

In theorems 48 and 53,this matter is explained for fradions and unt fradions
with the very same proof, sincewe @mnwvert the fradionto aunit fradion. Thisisthe
same for Theorem 47, where the first number, after converting the fradion into a unit
fradion,wastwo. But if it had been lessthan two, then the method d finding these
numbersis nat explained there.

Asbefore, the theorem references are acarate and refer to the numbering in the first edition.

| claim that the whaole matter is turned badkwards, when the first number is greder
than two. Then thefirst of these numbersis the third with the excessof the seaond ower
thefirst, minus the product of the subtradion d the first from two, with the product of the
secondandthird. The secondandthird are extraded in the way explained there.

Levi isimplicitly referring hereto a problem discussed in detail in Theorem 53 andalsoin
Problem 21. He does nat explicitly state the problem or give any examples until heis finished
with along poof explaining why his new solutionis corred in the cae where “the first number is
greaer than two”. The original problemisto find x, y and z, given a/b > c/d >eff, such that
X+(alb)(Y+Z) = Y+(c/d)(X+Z) = Z+(e/f)(X+Y). His olutionisx = C+(B-A)+(A-2)BC, Y =
X+2(B-A)(C-1), and Z = Y+2(A-1)(C-B), where A = b/a, B = d/c, and C = f/e. The new solution
isequivaent, but is necessary to avoid negative numbersin the cae that the first number, alb, is
greder than two, that is, A < 2. By “badkwards’ Levi meansthat x = C+(B-A)-(2-A)BC, rather
than C+(B-A)+(A-2)BC.

For example, after converting the fradions to a unit fradion, let the number which
islessthan two from which we take one part, be A.

That is, if we start with a/b > 2, and convert to aunit fradionto get 1/(b/a), then b/ais the number
lessthan 2, that Levi cdlsA.

Let D be what remains after subtrading it from 2. Let B be the second number, andlet E
beitsexcessover A. Let C bethethird number, andlet G beits excessover B. Let H be
the number precaling B, and | be the number precaling C, and L be the number
precadingA. L isthe excessof A over ore.

Thatis. D=2-A, E=B-A, G=C-B, H=B-1, | =C-1and L = A-1.

LetK + L be equal to A, andacordingly K isone. We subtrad the product DBC
from the numbers C + E, and let what remains be M, which isthe first number. AddM to
twicethe product of E with I, and let the result be N, which isthe second number. AddN
to twicethe product of L with G, and let the result be O, which is the third number. We
will explain why these numbers are what were requested.



That is: First=M =C+ (B-A) — (2-A)BC
Seand=N =M + 2(B-A)(C-1)
Third = O = N + 2(A-1)(C-B)

The prodf, isthat the first number, M, equals the number C + E minus the number
DBC. The second number, N, equals the number C + E minus the product DBC plus
twicethe product of E with I. The third number, O, equals the number C + E minusthe
product DBC plus twicethe product of E with | and twicethe product of L with G. We
claim that one of A parts of the number N + O, equals twicethe product of H with I.

Throughou this proof and the rest of the problem, Levi juxtapases variables next to ead ather,
sometimes meaning sum and sometimes product. When he means product, he usualy inserts the
word murkav (compasition) in front of the variables, and when he means 2um he usually inserts
the word misparei (numbers). | trandate murkav AB as “the product AB”, and misparei AB, as
“the number A+B”. If he does nat use the gpropriate leading word, then | use A+B or AB asthe
context demands.

The prodf is, that half of the number N+O, is equal to the number C+E plustwice
the product of E with I, plusL times G, minus the product DBC. Let’s adjoin the product
of L with H+C. Hence half of the number N+O, is equal to the number C+E plustwice
the product of E with I, plusL times G, plus the product of L with H+C, minus the
product DBC and the product of L with H+C. But E times|, plusL times G, equalsH
times the sum of the numbers E and G; because we have threenumbersL, H and|; the
excessof H over L isE, andthe excessof | over H is G. Now the number E+G+L equals
the number I. Hence the product of H with the number E+G, plusH timesL, equalsH
times|. We subtrad L times H, from L times H+C, and what remains equals L times C,
plus the number C+E, plus E times |, minus the product DBC and the product of L with
H+C. | clam that thisall equalsthe product LHI.

The prodf is, that we ald E times |, to E, which equals E times C. Add C to the
result, which then equals K+E, times C. AddL times C, to the result, which then equals
E+K+L, timesC. ThisequalsB times C. Thisequals D+L, which isone, timesthe
product BC. We subtrad the product DBC, and what remainsis the product LBC.

Now, the product LHI, subtraded from the product LBC, isthe product LHC.
Thisis because the product LH times|, plusthe product LH, equals the product LHC;
the product LHC equals H times LC; and when we aldin the product LC, the result
equals B times L+C.

There aetwo scribal errorsin thislast paragraph. Inthefirst line, “the product LHC” shoud be
“the product of L with H+C”, andin the last line, “B times L+C” shoud be “B times the product
LC". Thefirst isthe result of amisdng letter meaning “with”, and the seoondis the result of a
missngword “product”. Thefirst error isrepeaed again in the next line, where “the product
LHC” shoud be “the product of L with H+C".

Hence when the product LHC is subtraded from the product LBC, which will always
aff ord the subtradion, what remains is the product LHI.



Hence half of the number N+O, is equal to the product KHI, which isH times|,
plusthe product LHI. Thisequals K+L, timesthe product HI. But K + L isA. Hence
half of N+O, equals the product AHI. Hence, H times|, isone of A parts of half of the
number N+O. Accordingly, twicethe product of H with I, isone of A parts of the sum of
the numbers N and O. Let thisresult be P.

This proof is hard to follow, espedally in the Hebrew. Besides, the standard difficulty of reading
an algebraic ideapresented in words, there is the alditional burden of lookalike letters, and Levi’'s
cumbersome notation. Levi uses letters as variables and nunbers. To dstingush anormal letter
from one used as a number or variable, he puts a small slash above the letter, like an apastrophe.
He uses adjacent letters as either or a number in the standard Hebrew form, or the sum or product
of the variables represented bythose letters. He caefully says“the product ABC” and “the
numbers ABC”, to distingush product from sum, but heis not always consistent. Furthermore,
some mmbination d variables make words like “this” (GE) and“all” (EKL) which show up
commonly aswordsin the proof. What isworse, isthat when the Hebrew letters correspondng to
B, EandL, are ajoined to the beginning d aword, they mean, “with”, “the” and “to”
respedively. Therefore, the presence or absence of the dashes above the letters, and the spadng
iscrucia for the mrred realing, yet the scribes tend to be sloppyabou the slashes and spadng,
sometimes just putting abig slash over the whale word. It is hard, for example, to distinguish “the
product ABC” from “the product of A with C”.

From the many minor errors and the naticeale lack of corredionsin the margins, one gets the
sense that very few people understood Levi’ sideg certainly nat the scribes or subsequent owners.
It is not surprising that the problem is omitted in its entirety from the second edition.

Furthermore, half of the number M+0O, when we aljoin L times B, equalsthe
number E+C, plusE times|, plusL times G, plusL times B, minus the product DBC and
L timesB. | claim that it all equalsthe product LBI. Thisisbecaise E timesl, plusE,
equals Etimes C. Whenwe addE timesC, to C, we get E plusK, times C. Now, L
times B, plusL times G, equalsL timesC. SinceE+K+L equals B, thetotal isL+D times
the product BC, sinceL+D isone. After subtrading the product DBC, what remainsis
the product LBC. After subtrading the product LB, what remainsis| times the product
LB. Hence half the numbers M and O, equals the product BLI. Hence, L times|, isone
of B parts of half the sum of the numbers Mand O. Accordingly, twicethe product of L
with I, isone of B parts of the sum of the numbers Mand O. Let thisresult be Q.

The last paragraph has a number of scribal errorsin al six of the relevant extant mss all of which
arelisted in the Hebrew part of this criticd edition. The reconstruction above is consistent with
the mntent and the later referencesin ead ms. For example, al the extant mss have Q in the last
sentence dove & O. However, the variable O has already been used for a different purpose, and
if weuse O instead of Q, then Q never gets defined, because the next new variable to be defined is
R. Yet Qisreferenced many times later and Levi chooses his new variables in aphabeticd order.
Hence, | believe that the reconstruction above is the original text of Levi, and that the mss present
it incorrealy. Of course, the aiticd apparatus in the Hebrew, records all the variations.

Furthermore, half the number M+N, when we aljoin L times C, equals the
number E+C, plus E times |, minus the product DBC and L times C.



Levi does nat explicitly repeat the inclusion d L times C in the sum here, as he does in the two
previous smilar arguments with L times B, and L times H+C, respedively. Thisiseither a choice
in style or a caelesserror. However, he dealy intendsfor L times C to beincluded in the sum.

| claim that this all equalsthe product LHC. Thisisbecause, E times |, plus the number
E+C, equals E+K, times C, aswe explained before. When we adL times C, theresult is
E+K+L, times C, which equals B times the product LC. When we subtrad off the
product LC, what remainsis H times the product LC. This equals the product LHC,
which is C times the product LH. Hence L timesH, isone of C parts of haf of the
number M+N. Accordingly, twicethe product of L with H, isone of C parts of the sum
of the numbers Mand N. Let thisresult be R.

| claim that the number M+P, equals the number N+Q, which equals the number
O+R. Thisisbecaise the number M+P, equals M plus twicethe product of H with I.
Furthermore, N+Q, equals M plus twice the product of E with I, plus twicethe product of
L with 1. Hence the number N+Q, also equals M plus twicethe product of H with I.
Furthermore, O+R, equals M plus twicethe product of E with I, plus twicethe product of
G with L, plustwicethe product of H with L. But twicethe product of G with L, plus
twicethe product of H with L, equals twicethe product of G+H, with L; andthis equals
twicethe product of | with L. When we ald in twicethe product of | with E, theresult is
twicethe product of |, with L+E. But L+E equals H, so the result is twicethe product of |
with H. When we adin M, theresult is aso equal to M plus twicethe product of H with
I. Thisiswhat we wanted.

A modern reconstruction d the whole proof is srown below, to further asdst the reader.

Levi istryingto find X, Y and Z satisfying the ejuation below, where db > c/d > e/f are given
fradions.

X+ (@b)(Y+2Z) =Y + (c/d)(X+Z) = Z + (eff)(X+Y)

To thisend, he defines:

A =bla D=2-A H=B-1
B=dlc E=B-A | =C-1
C=fle G=C-B L=A-1

He daimsthat X =M, Y = N and Z = O satisfy the ejuation above, where:
M =C+ E-BCD,

N =M + 2El, and

O=N+2LG.

Lemmal: El + LG = H(E+G)

Proof: By Theorem 45in thefirst edition (Levi’ s referenceis not explicit),
I(H-L) + L(I-H) = H(I-L), where | > H > L.
SinceH-L = E and I-H = G, the lemmafoll ows.

Lemma2: H(E+G) + HL = HI
Proof: E+G+L =1.

Lemma3: LC+C+E+ElI-DBC-L(H+C) =LHI



Proof: Levi just adds upthe left side step by step keeping arunning total.
EI+E=EC
EC + C=C(E+1)
C(E+1) + LC =C(E+1+L) =BC =(D+L)BC
(D+L)BC-DBC=LBC
LBC —L(H+C) = LHI, sinceLH(l) + LH=LHC =H(LC), andH(LC) + LC=B(LC)

Lemma4: (N+O)/A =2(HI)
Proof: (N+O)/2 = C+E+2EI+LG-DBC
= C+E+2El +LG+L(H+C)-DBC—-L(H+C)
By Lemmal,
=C+E+El + HE+G) + L(H+C) - DBC - L(H+C)
=C+E+El+LC+LH+H(E+G)-DBC-L(H+C)
=LC+C+E+ElI-DBC-L(H+C) + H(E+G) + HL
By Lemmas2 and 3
=LHI + HI = (L+1)HI = AHI = HI(A).
Hence, (N+O)/A = 2HI.

He then provesin a similar way:

Lemma5: (M+O)/B = 2L, and
Lemma6: (M+N)/C = 2LH

With these preliminaries out of the way, Levi finishes his proof.

Theorem 1: M + (N+O)/A =N + (M+0)/B = O + (M+N)/C

Proof: By Lemma4, (N+O)/A = 2HI, so M + (N+O)/A =M + 2HI. ButN =M + 2El and by
Lemmas5, (M+0)/B = 2LI1. HenceN + (M+O)/B =M + 2El + 2LI =M + 2HI.

Finally, 0= N+ 2LG = M + 2EI + 2LG, and byLemma6, (M+N)/C = 2LH.

HenceO + (M+N)/C=M + 2El + 2LG + 2LH =M + 2El + 2LI = M + 2HI.

I will now give you examplesfor al posgble kinds of fradions, so that you will
becmme wise and undrstand.

In the examplesthat follow, when A > 2, Levi adds (A-2)BC, elseif A < 2, he subtrads (2-A)BC.
Thisis as he promised at the start of the whole discusson, in order to avoid negative numbers.

We want to find threenumbers, such that one number plus 2 sevenths of the rest,
eguals ancther plus 2 fifths of the rest, and equals the other plus 3 partsof 11 d therest.
We mnvert 2 seventhsto a unit fradion, and get one part of 3 and ahalf. We conwvert 2
fifthsto aunit fradion, and get one part of 2 andahaf. We @mnwvert 3 partsof 11to a
unit fradion, and get one part of 3 and 2thirds. We ald the large number to the excessof
the middle number over the small number, and we add onthe product of the midde
number with the large number with the excessof the small number over two. Thusthe
first number is11whoe and ore of 12 parts of one. We ald ontwice the product of the
excessof the midde over the small, with ore lessthan the large, to get 16 whole and 11
of 12 parts of one, which isthe third number.

Thisisan error. The third number shoud be 16 512, and second number, which is not
mentioned, shoud be 16 1¥12. It seemsthat the phrase “which isthe second nunber. We ad on
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twicethe product of the excessof the large over the middle, with ore lessthan the small, to get
16 912" waslost in between the words “one,” and “which” in the last line.

The first with 2fifths of the others, which is one of 2 and a half parts, equals the second
with 2 sevenths of the others, and equals the third with 3 d 11 parts of the others.

In example two, we want to find threenumbers, such that one number with half of
the rest, equals anather with 2fifths of the rest, and equals the other with 3 d 11 parts of
therest. When we mnvert to unt fradions, the numbers of which we have single parts
are: two, two and a half, and 3and 2thirds. We make the first number equal to the sum
of the large number and the excessof the midde over the small. Accordingly, the first
number is 4 whae and ore sixth. The second number, as before, is 6 whole and 5sixths.
The third number is8 whale.

Thisisan error. Thethird number shoud be 9 1/6.

The first with half of the rest, equals the secondwith 2fifths of the rest, and equals the
third with 3 d 11 perts of the rest.

In example threg we want to find threenumbers, such that the one with 3fifths of
therest, equals another with 4 d 11 parts of the rest, and equal s the other with 2 sevenths
of therest. When we mnwert these to unt fradions, the small est of these numbers of
which we have single parts, isone and 2thirds; the middeis 2 and 3fourths;, andthe
largeis 3 andahaf. Thefirst number, by the previous method,isone and 9 farts of 24.
The second number is8 and 2 farts of 24 and the third number is9 and 2 farts of 24.

Thisisan error. The second nunber shoud be 6 1924. The third number shoud be 7 1924.
The erorsin the previous two examples are the result of ignarant and/or careless gribes.
However, in this example the seconderror is corredly one greaer than the first, so it islesslikely.

Hereis ancother easy way of finding numbers where the first plus one part or parts
of the rest, equals the other plus one part or parts of therest. For example, the first with
A of D parts of the rest, equals the secondwith B of E parts of the rest, equals the third
with ore of G parts of the rest, and equals the fourth with C of H parts of therest. Welet
A+l equa D, B+K equal E, L be one lessthan G, and C+M equal H. Multiply D times
the product KLM, let the result be N, and thiswill be the sum of threeof the numbers,
withou the first. Also, multiply E timesthe product ILM, let the result be O, and this
will be the sum of threeof the numbers withou the second. Also, multiply G timesthe
product IKM, let the result be P, and it will be the sum of threeof the numbers without
the third. Also, multiply H by the product IKL, let the result be Q, and thiswill bethe
sum of threeof the numbers withou the fourth.

Thisisa cmmpletely new methodand Levi redefines al the variables gartingwith A. Although
Levi starts the seaond sentence of the previous paragraph with the words “ For example”, heis
adually describing the methodin a ammpletely general way, and gves gedfic examples later.

Levi computes the four unknown variables, First, Second, Third and Fourth by first assgning
particular values to Second+Third+Fourth, First+Third+Fourth, First+Secnd+Fourth and
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First+Secondt+Third, and then explaining how to derive the four variables from these sums
asauming the sums are crred. His methodisto cdculate the diff erences between the largest sum
and eadt o the others. Asaimingthe largest sum is First+Third+Fourth, this gives: First-Second,
Third-Semnd, and Fourth-Seond Add these threediff erences together, subtrad from
First+Second+Third, and dvide by threeto get Second The variables First, Third and Fourth can
be gotten by substituting bad into First-Seaond, Third-Seand, and Fourth-Seaond

After you knav the sum of every threenumbers out of the four, youcan extrad
eadt ore of the numbersin its proper place The nicest way to dothis, isto take the
small est of the numbers N, O, P and Q, and then the small est of the rest, and so on uril
youread the largest. Let's sy the smallest was P, the next smallest N, the next small est
Q, andacardingly thelargest O. Let R be the excessof O over Q, S be the excessof O
over N, and T be the excessof O over P. SinceO isthe sum of thefirst, third and fourth,
and Q isthe sum of the first, sescondand third; then when we subtrad off thefirst and
third which they have in common, what remainsis the excessof the fourth owver the
seoond,which isthe excessof O over Q. Accordingly, the excessof the fourth owver the
semndisR. Also, sinceO isthe sum of thefirst, third and fourth, and N is the sum of
the seaond, third and fourth; then when we subtraad off the third and fourth which they
have in common, what remainsisthe excessof thefirst over the second,whichis S.
Similarly, the excessof the third over the seandis T, sincethe excessof O over PisT.

Consequently, the second number isthe smallest. Take one of the sums that
includes the second number, and let thisbe P in ou example. Sincethe number P isthe
sum of thefirst, sscondandfourth, it is clea that the excessof P over threetimes the
send, equals the sum of the excessof the first over the seand,and the excessof the
fourth over the seand. Thisisthe number R+S. Accordingly, subtrad the number R+S
from the number P, and dvide what remains by the number of numbers that comprise the
sum P, that is by three Theresult from thisdivisionisthe seamnd nunber, and et this be
U. Acoordingly, the first number isthe sum of U and S, the third number is the sum of
the numbers U and T, and the fourth number is the sum of the numbers U and R.

Levi’'smethodisageneral onefor finding n unknevns from n equations, where eat of the
equations gives the sum of aunique subset of n-1 of the unknawns.

It seemsthat Levi did na have ageneral methodlike Gaussan elimination for solving general
systems of linea equations, or else he would have mentioned it, espedally duetoits reaursive
nature, atechnique he isfamous for pioneging. It isinteresting that a general methodidenticd to
Gausdgan elimination was known in China hundeds of yeasealier.

Now Levi explainswhy his computation o Second+Third+Fourth, First+Third+Fourth,
First+Second+Fourth and First+Second+Third, was corred in the first place and why the
resulting values for First, Second, Third and Fourth solve the problem.

Now that we have foundall these numbers, we will explain why these numbers

are the ones satisfying the requested condtions. To thisend, we will explain that what
remains from these numbers is always the product IKLM.
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The phrase “what remains from these numbers’, means what remains from the sum

First+Second+Third+Fourth.

That is, First+Second+Third+Fourth — (First + A/D(Secmnd+Third+Fourth)) = IKLM,
First+Second+Third+Fourth — (Second + B/E(First+Third+Fourth)) = IKLM,
First+Second+Third+Fourth — (Third + 1/G(First+Second+Fourth)) = IKLM,
First+Second+Third+Fourth — (Fourth + C/H(First+Second+Third)) = IKLM.

The prodf, isthat when thefirst isadded to A of D parts of the rest, what remains
is| timesthe product KLM. Thisisbecaise, therest equals N, which is D timesthe
product KLM. So there ae a many o the product KLM in the number N, asthere ae
onesin the number D. Now the product KLM isone of D parts of the number N.
Acoordingly, there ae & many of the product KLM, in A of D parts of the number N, as
there ae onesin the number A. Thusthere ae & many o the product KLM in what
remains of these threenumbers, as there ae onesin the number I, sincethe number 1+A
equals D. Thisequalsthe product IKLM.

Similarly, when the seaondis added to B of E parts of the rest, what remains
equals K times the product ILM, which equals the product IKLM. Similarly, when the
third is added to ore of G parts of the rest, what remains equals L times the product IKM;
thisisbecaise L isonelessthan G; this equalsthe product IKLM. Now sincewhat
remains from these four numbersis always equal to the product IKLM, then what you
take from them are cetainly one and the same. Because dter subtrading equals from
equals, theresults are equal. Thisiswhat we wanted to explain.

The reader shoud nae that the original problem isan underdetermined set of equations, and that
Levi effedively adds a constraint. Namely, that the sum of al the variables equals eat of the
other equations plus IKLM, the product of the diff erences of the numerator and denominator in
ead gven fradion. Thisextra constraint determines a unique solution.

Levi now claimsthat if S+R > P then the original problem has no pasiti ve solutions, but he proves
only that if S+R > P then the determined set of equations has no paitive solution. However, the
original problem has a solutionin pasitive integers, if and orly if the unique solution determined
by the original problem with the extra cnstraint is positive. Thisistrue becaise the line
representing the general solution always goes throughthe origin, and the extra constraint is
equivalent to setting an undetermined variable to a positive value. Hence, Levi'sclaim is corred,
but his proof needs more detail, and he seams unaware of this need.

| now claim that if the sum of SandR, in ou example, is greaer than or equal to
the number P, then the problem is certainly afraud. That is, thereisnoway to find
numbers that mee the ondtions.

Levi, asusual, only considers positive solutions. If no pasitive solutions are possble, then he
cdlsthe problem afraud.

In the upcoming proof, Levi introduces variables past the 22 |etters in the Hebrew alphabet, so he
uses letters that appea differently at the end o aword, than they do namally in the middle of a
word. There aefive such letters and he usesthem all. Thisalowshim 27 variables, so | usethe
Greek letter Q when | run ou of English letters.
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Because of this complexity of notation, and because the scribes did na understand the proaf they
were mpying, there ae nomss which corredly represent every variable in the way that | believe
they were originally written. Not only could a scribe forget a slash, or omit a space but he could
write aspedfic letter either inits ending form, or in itsnormal form. This ambiguity confused the
scribe who dd na likely appredate the serious error of substituting an end form for anormal
form even if that letter happensto appea at the end d alist of variables. Nor did the scribe
appredate the similar error of substitutinganormal form for an end form, even that letter happens
to appea in the middle of alist of variables. The reconstruction below is an acarate mmpaosite
based onthe extant mss, the cnsistency of later references, the cntent of the proof, and Levi’'s
style. Of course, the aiticd apparatusin the Hebrew, records al the variations.

The prodf is, that if it were possble, let these numbersbeV, W, X, Y. ThenV,
plus A of D parts of the number W+X+Y, equals W plus B of E parts of the number
V+X+Y, or X plusone of G parts of V+W+Y, or Y plus C of H parts of the number
V+W+X. Accordingly, what remains from these four numbersis one and the same, and
let thisbe Z, by way of example.

We will explain that theratio of Z to the sum of the numbers W, X andY, equals the
ratio of the numbers| to D. Thisis becaise when wetake A of D parts of the number
W+X+Y, what remains from them all, Z, isequal to | of D parts of the number W+X+Y'.
Thisis because the number A+l equals D. Similarly, theratio of V+X+Y to Z, equalsthe
ratio of Eto K. Similarly, theratio of V+W+Y to Z, equalstheratio of GtoL. Similarly,
theratio o W+X+Y to Z, equalstheratio of H to M.

Now divide the number Z by as many ores asthere ae in the product IKLM, and
let one part of the product IKLM, timesZ, be Q. Sincetheratio of Z to the number
V+W+Y, equalstheratio of L to G, andthere ae as many Q’sin Z asthere aeonesin L
times the product IKM, then there ae @& many Q’sin the number V+W+Y asthere ae
onesin G timesthe product IKM. Accordingly, there ae s many Q’'sin V+W+Y as
there aeonesin P. Similarly, there ae a many Q’sin W+X+Y asthere aeonesin N;
there ae s many Q’sin V+X+Y asthere aeonesin O; andthere ae amany Q’sin
V+W+X asthere aeonesin Q.

Acoordingly, it is clea by an explanation simil ar to the previous one, that there
are amany Q’sin the excessof thefirst over the seoond,asthere aeonesin S; and
there ae s many Q’sin the excessof the fourth over the semnd,asthere aeonesin R.
Accordingly, it must be that there ae @& many Q’sin the excessof W+Y over two times
V, asthere aeonesin S+R.

Leviisnow referringto V,W, X andY, as oond firgt, third and fourth respedively. Thisis
inconsistent with his original asauimptionthat V isfirst and W second, but does not otherwise
invali date the prodf.

Now let F be the number of Q’sinV. We drealy know that there ae & many
Q’sinthe number V+W+Y, asthere ae onesin the number S+R and Q’sin threetimes
the number V. Hence, there ae & many Q’sin the number V+W+Y, asthere ae onesin
the number S+R plus threetimes the number F. But there ae & many Q’sin the number

14



V+WH+Y, asthere ae onesin the number P. Hence, the number P equals the number S+R
plus threetimes the number of onesin the number F. But we dready assumed that the
number S+R was greaer than or equal to the number P. Thisisfalse; that is, apart of
something keing equal or greder to thewhole. Consequently, the questionis afraud.
Thisiswhat we wanted to explain.

Levi finaly usesthe variable F, which completely exhausts his aupply of Hebrew letters. Levi has
dready used the 21 aher Hebrew letters plusthe five extra “final letter” forms. Note that the 6"
Hebrew letter means “and’, when it is adjoined to the beginning o aword. Hence, Levi avoids
using it until he has no option.

Now | will give youan example of this.
In the example that follows, Levi uses“A” through“G” as shorthand for “first” through*seventh”.

We want to find seven numbers, such that the first plus 2 sevenths of the rest,
equals the seoond pus athird of the rest, equals the third plus 2 ninths of the rest, equals
the fourth plus 3 eighths of the rest, equals the fifth plus asixth of the rest, equals the
sixth pusafourth of therest, and equals the seventh pus 2 of 11 parts of the rest.
According to the previous explanation, multiply 7 bythe product 2*7*5*5*3*9, asyou
will seein the followingway. The result is 66 thousand and 150,which is the sum of the
seoond,third, fourth, fifth, sixth and seventh. Multiply 3 bythe product 5*7*5*5* 3*9,
andtheresult is 70 thousand and 875 whichisthesumof A, C, D, E, Fand G. Multiply
9 bythe product 5*2*5*5*3*9, to get 60 thousand and 750,which isthe sum of A, B, D,
E, Fand G. Multiply 8 bythe product 5*2*7*5*3*9, to get 75 thousand and 600,which
isthesumof A, B, C, E, FandG. Multiply 6 bythe product 5*2*7*5*3*9, to get 56
thousand and 700,which isthesum of A, B, C, D, Fand G. Multiply 4 bythe product
5*2*7*5*5*9, to get 63 thousand, which isthe sum of thefirst, second,third, fourth,
fifth, sixth and seventh. Multiply 11 bythe product 5*2*7*5*5*3, to get 77 thousand and
750,whichisthesumof A, B, C, D, EandF.

This example has multiple erorsin it, and if dore crredly, resultsin the cae that Levi just
showed has no paitive solutions! The main error isthat 77,750shoud be 57,750 Thiserror
propagates onward urtil it resultsin awrongsolution at the end. Hencethe aror isamost surely
Levi's. There ae other errorsthat occur, even asauming the 77,750to be arred, which |
comment on below where they appea.

A minor scribal error here in the last paragraphistheinclusion d the word “sixth” in thelist at the
end d the semondto last sentence. Also naethat Levi had nosymba for *. Hejust wrote, for
example, “the product 275539.

The small est of these sumsis 56 thousand and 70Q the next is 60 thousand 750
the next is 63 thousand; the next is 66 thousand and 15Q the next is 70 thousand and
875 andthenext is 75 thousand and 6M; and the next is 77 thousand 750. Now the
excessof 77 thousand and 750 oer the one beforeit, is 6 thousand and 150,and thisis
the excessof the fourth owver the seventh.

The number 6,150shoud be 2,150. Thisisascribal error which appeas corredly later.
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Its excessover 70 thousand and 875,is 6 thousand 875,and thisisthe excessof the
second ower the seventh. Its excessover 66 thousand and 150,is 11 thousand and 600,
andthisisthe excessof thefirst over the seventh. Its excessover 63 thousandis 14
thousand 750,and thisisthe excessof the sixth owver the seventh. Its excessover 60
thousand 750,is 17 thousand 750,and thisisthe excessof the third over the seventh.

Thisis ancther error which propagates. The number 17,750 shoud be 17,000, assuming 77750is
corred.

Its excessover 56 thousand and 700,is 21 thousand and 50,and thisisthe excessof the
fifth over the seventh. Accordingly, the excessof thefifth isthe largest. The sum of all
the numbers except the fifth, equals 56 thousand and 700. The excesses of thefirst,
sewond,third, fourth and sixth over five times the seventh, equal 53 thousand and 125.

The number 53,125shoud be 52,375, even asaimingthat 77,750is corred. Thiserror
propagated from the 17,750error.

We subtrad this from 56 thousand and 700,and what remainsis 3 thousand and 575. We
divide what remains by six, which is the number of numbers that make up the sum of 56
thousand and 700,to get 595whole and 5sixths of one. Thisisthe seventh number. We
add the excessof the sixth over the seventh, which is 14 thousand 750 ,to the seventh,
and we get the sixth. Thisis 15thousand 345and 5sixths of one. Accordingly, the fifth
is 21 thousand 645and 5sixths; the fourth istwo thousand 745and 5sixths; thethirdis
18thouwsand 345whaole and 5sixths of one; the seandis 7 thousand 470and 5sixths of
one; andthefirst is 12 thousand 195and 5sixths of one.

Thethird value is an error. The number 18,345shoud be 17,595, even assuming 77750to be
corred. Thiserror propagated from the 17,750error.

Y ou can ched thisif youwish.

If you dochedk it, youwill findthat it is not corred. The original problem posed has no pdaitive
solutions! Hence even if al errors are correded, thereisno goodreconstruction d this problem.
Therefore, it isthe only error in the whole problem sedion, that isalmost surely Levi’s. It may
have been ore of the main reasons why the problem was omitted from the second edition.

If the problem was about taking multi ples of the rest such that the results were dl
one andthe same; for example, we want to find four numbers sich that the first with A
multi ples of the rest, equals the secondwith B multi ples of the rest, equals the third with
C multiples of the rest, and equals the fourth with D multi ples of the rest.

By “multiple”, Levi means a number greaer than ore.
Then take the numbersthat precade A, B, Cand D, andcdl these E, G, H andl. That is,

E isthe number precading A, G precales B, H precales C, and | precalesD. Let the
product GHI be the sum of al the numbers except the first, the product EHI be the sum of
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al the numbers except the second, the product EGI be the sum of all the numbers except
the third, and the product EGH be the sum of all the numbers except the fourth. Once
you knaw al this, extraa al the numbersin the previous fashion, ead acordingto its
proper place Youwill findthat these numbers are the numbers that were requested.

The prodf is, that when youadd the first to A multi ples of the rest, the result
equals thefirst plus as many of the product GHI asthere aeonesin A. Thisequalsthe
first plustherest plus as many of the product GHI as there ae onesin A minus one, and
this equals the product EGHI. Hence, the result equals the four numbers plus the product
EGHI. Similarly, when youadd the secondto B multi ples of the rest, the result is equal
to the four numbers plus the product EGHI; and when youadd the third to C multi ples of
the rest, the result is equal to the sum of al the numbers plus the product EGHI; and
when youadd the fourth to D multi ples of the rest, the result is equal to the sum of al the
numbers plus the product EGHI. Thisiswhat we wanted to explain.

Finaly we daim that if the excessof the two numbersin ou example, over two
times the small est, is greaer than or equal to the sum of the threg then the problem isa
fraud.

Remember that EHI isthe sum of all four numbers except the second, so that EHI is “the sum of
the three” in the last paragraph, that is first+third+fourth.

For example, let the fourth number be the smallest, let K be the product EHI, let L
be the excessof the first and the third numbers over twicethe fourth, and assuumethat L is
greder than or equal to K. We daim that the problem isafraud, and that you can na
find numbers that med the required condtions.

This“example” isthe a¢ually the beginning o ageneral proof. Seethe ammmentary at the end o
the proof for amodern presentation.

The proof that you can nd, isthat if you could then let the numbersbe M, N, O
and P. Now divide the sum of M, O and P, by the number of onesin the product EHI,
and let the parts foundin thisfashion be Q. There ae & many Q'sinthe sum of M, O
and P, asthere ae onesin the product EHI. When we add B multi ples of M+O+P, there
are a many... asthere ae onesin the number G, because the number G isone lessthan
B.

Thislast sentenceis missng some words, and in context of the rest of the proof, probably means
to say that G(M+0O+P) = B(M+O+P)-(M+0+P), becaise G = B-1.

But there ae & many Q' sin M+O+P asthere ae onesin the product EGHI. SinceM
plus A multiples of the rest, equals N plus B multiples of the rest; andM plus A

multi ples of the rest, equals the number M+N+O+P plus as many N+O+P’ s asthere ae
onesin E; hence, there ae & many Q' sin E times N+O+P, asthere aeonesin the
product EGHI.

Thusthere ae @& many Q'sin the product NOP, as there ae onesin the product GHI.
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Thereisascribal error in the first line of the last paragraph, where “the product NOP” shoud be
the number N+O+P.

Similarly, there ae a many Q' sin the number M+N+P, asthere ae onesin EGI, and
there ae & many Q’'sin the number M+N+O asthere ae onesin EGH. Thusthere ae &
many Q’sin the number M+O+P, asthere aeonesin K. It isclea by the previous
explanation, that the number of Q’'sin the excessof M+O over two times P, is the same
asthe number of onesin L. But L isgreaer than or equal to K. Hence, the number M+O
is bigger than the number M+O+P, bu that isfalse. Hence it isimpossbleto find
numbers that med the required condtions.

The prodf in the last few paragraphs systhat if A = E+1, B = G+1, C=H+1, D = I+1, and
First+Third+Fourth = K = EHI < L = First+Third-2(Fourth), then thereis no solution. The proof
is. Let Q= (M+O+P)/EHI, then (M+O+P)/Q = EHI and G(M+O+P)/Q = EGHI. Also,
G(M+0+P) = B(M+0O+P)-(M+0O+P), becaise G = B-1. SinceM + A (N+O+P) =N + B(M+O+P)
and M+A(N+O+P) = M+N+O+P+E(N+0O+P), then E(N+O+P) = EGHI(Q), and N+O+P =
GHI(Q). Similarly, M+N+P = EGI(Q), M+N+0O = EGH(Q), and M+O+P=KQ. Now LQ =
M+0O-2Pand LQ = KQ, so M+0-2P = M+0O+P and M+O > M+0O+P, which isimpossble.

Now | will giveyouan example. We want to find five numbers, such that the first
plus threetimes the rest, equals the seoond gus threetimes the rest plus half, equals the
third plus threetimes the rest plus athird of them, equals the fourth plus threetimes the
rest plus 2 thirds of them, and equals the fifth plus four timestherest. By the preceling
method, the sum of the rest withou thefirst is46 and 2thirds; the sum of the rest
withou the seaondis 37 and athird; the sum of the rest withou the third is40; the sum
of the rest withou the fourth is 35; and the sum of the rest withou the fifthis31anda
ninth. The excessof thethird ower thefirst is6 and 2thirds; the excessof the seaond
over thefirst is9 andathird; the excessof the fourth over thefirst is11and 2thirds;
and the excessof thefifth over thefirst is15and 5 nnths. Hence the excessof the
seoond,third and fourth over 3 timesthefirst, is27 and 2thirds. We subtrad off the sum
of al four, whichis 31 andaninth, and what remainsis 3 and 4 nnths. We divide by the
number of these numbers, and the first number is 31 d 36 parts of one; the seandis 10
and 7 @rts of 36; thethirdis7 and 19 @rtsof 36; thefourthis12and 19 @rts of 36;
andthefifthis16and 15 @rts of 36. Youcan ched thisif youwish.

The last example is completely corred. Therest of the problems contain noerrors, and read
relatively easily withou extensive ammmentary.

18. Problem: We ald ore number to asecnd number; andtheratio o the
result to athird number, is given. When we ald the first number to the third number, the
ratio of the result to the seaond number, isasecond gven number. One of the three
numbersis known. What is ead of the remaining numbers?

Given A andB, and oreof X, Y or Z; find X, Y andZ such that (X+Y)/Z = A and (X+2)/Y = B.

You arealy knov how to find threenumbers, that corredly med these
condtions, so extrad them. Sinceyou knav one of the correspondng numbersto ore of
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the three, you can extract the other corresponding numbers, and that is what was
requested.

The method is described in part one of the book. Namely, given (X+Y)/Z = A and (X+2)/Y =B,
then (AB-1)/X = (A+1)/Y = (B+1)/Z.

For example, when you add the first number to the second number, itsratio to the
third equals 3 whole and 2 fifths and a seventh. When the first is added to the third, its
ratio to the second equals 7 whole and 2 thirds and a fourth. The second number is thirty.
We want to know: what isthe value of each remaining number? First of al, extract three
numbers, using the procedure described in part one of this book. Accordingly, subtract
one, from the product of 3 whole and 2 fifths and a seventh, with 7 whole and 2 thirds
and afourth. Thisleaves 27 whole and athird of a seventh, which is the first number.
Add one to 3 whole and 2 fifths and a seventh, to get 4 whole and 2 fifths and a seventh,
which is the second number. Also add one to 7 whole and 2 thirds and a fourth, and the
result you get is the third number, which is 8 whole and 2 thirds and afourth. You
already know that the number corresponding to the second number is thirty.

First Second Third
27 whole and a third 4 whole and 2 fifths 8 whole and 2 thirds
of aseventh and aseventh and afourth
178 whole and 98 Thirty 58 whole and 281
of 159 parts of one of 318 parts of one

Thus the number corresponding to thefirst is 178 whole and 98 of 159 parts of
one; and the number corresponding to the third is 58 whole and 281 of 318 parts of one.
These three numbers are what were requested, so investigate and find them.

It has already been explained how if you knew the sum of two of the latter
numbers, you could find all the corresponding numbers, each in its proper place with
respect to the known numbers. Y ou could also do thisif you knew the excess of one of
the latter corresponding numbers over another one, or over the sum of two latter
corresponding numbers; or if you knew the excess of the sum of two latter corresponding
numbers over another one, or over the sum of another two latter corresponding numbers;
or if you had any other information that provides enough knowledge to find the
corresponding numbers, each matched to its proper place. Once you know these
corresponding numbers, regardless of the source of the knowledge, we will explain why
these corresponding numbers are the desired ones.

Thisis because theratio of the first of the former numbersto the second of them,
equalstheratio of thefirst of the latter numbers to the second of them; and theratio of
the second of the former numbers to the third of them, equals the ratio of the second of
the latter numbers to the third of them. The value of thisratio equals theratio of the first
of the former numbers to the third, which equals the ratio of the first of the latter numbers
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to thethird. By adding these together, theratio of the sum of the first and seaondformer
numbers, to the third, equals theratio of the sum of the first and secondlatter numbersto
thethird. But in our example, theratio of the sum of the first and seaondformer
numbers, to the third, is3 whole and 2fifths and a seventh. Hence, theratio of the sum
of the first and secondlatter numbers, to the third, is 3 whole and 2fifths and seventh.
Similarly, theratio of the sum of the first and third former numbers, to the second,is 7
whole and 2thirds and afourth. And wsethisasamodel.

Another example: theratio o the sum of thefirst and second numbers, to the
third, equals 3 fifthsand asixth; theratio of the sum of the first and third numbers, to the
send,equals 2 whae and athird; andthefirst number is20. We want to know: what
are the rest of the numbers?

Acoordingly, extrad the numbers that mee these condtions. The first number
acordingto what we explained is 2 fifths, and athird, and athird of asixth. The second
number isone whole and 3fifthsand asixth. The third number is 3whaoe and athird.
Since the number correspondngto the first number is 20, then the number correspondng
to the seaond number is44whade and 56 d 71 parts of one whale, and the number
correspondng to the third number is84whoe and 36 d 71 parts of onewhade. These
are the requested numbers, and youcan ched thisif youwish.

First Seoond Third
2fifthsandathird Onewhde and 3fifths 3 whde and athird
and athird of asixth and asixth

Twenty 44whode and 56 @rtsof 71 84whde and 36 @rtsof 71

Andit isworth panting ou that if the product that results from the ratio of the
sum of the first and secondto the third, with the ratio of the sum of the first and third to
the seand,isnat greder than orewhale; then the paoser of the problem erred.

We now suggest an explanation for this. First we note, that given any two
numbers, the product of theratio o the first to the seoond, with the ratio of the secondto
thefirst, equalsone whaoe. This gatement is true whether one of the given numbersis
one part of the other, or is parts of the other. First consider the case of it being ore part,
and the truth of our claim will soon ke gparent.

Thefirst case, of “being ore part” iswhen ore number divides the other evenly.

For example, the given numbers are A and B, and B courts A as many times asthere ae
onesin C. Hence theratio of Bto A isC, andtheratio of A to B isoneof C parts of
one. When we multi ply C whole with ore of C parts of one, we get one a was explained
previously.
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Now consider the cae where the small er number is parts of the larger. We daim
that the product of the ratio of one number to the other, with the ratio of the other number
tothefirst, isone. In ou example, let the small er number be DE, and the larger number
beB. Let DE equal G of C partsof B. Let EH equal one of C parts of B, so EH times G
equals ED. Let the product of B with G equal IK. Then theratio of HE to B equals the
ratio of DE to IK. By exchangingthem and swapping them around theratio of DE to
HE, equalstheratio of IK to B. Also, theratio of DE to B equals G times theratio of HE
to B; andtheratio of B to DE equals one of G parts of theratio, IK to DE. But the
product of theratio of IK to DE, which is C, with theratio of HE to B, equalstheratio of
DE to IK, which equals one. Hence, the product of theratio of DE to B, with theratio of
B to DE, equals one; becausethe fadors suffice

In the proof in the last paragraph, Levi uses DE, HE and IK to mean single numbersin the
geometric style of aline segment, asin Euclid. 1n Hebrew, he denotes this usage with the phrase
“the number DE” in contrast to “the numbers DE”, by which he means D+E. Althoughthisisthe
only occurrence of this usage in the problem sedion, it appeas very often in the proofsin the first
volume of the book

The proof builds on the previous smpler case. Given B/DE, let DE = (G/C)B, EH = (1/C)/B, and
B(G) = IK. Levi provesthat DE/B = G(EH/B) and B/DE = (/G)(IK/DE). Then (DE/B)*(B/DE)
= G(EH/B)* (L/G)(IK/DE) = G(/G)(EH/B)(IK/DE). Finaly, sinceEH/B = 1/C and IK/DE =C,
G(Y/G)(EH/B)(IK/DE) = 1, by areduction to the previous smpler case.

When thisis understood, it is clea that the product resulting from theratio of the
sum of the first and second numbers to the third, with the ratio of the sum of thefirst and
third numbersto the seaond,is greder than ore. Thisisbecausetheratio of the sum of
thefirst and third numbers to the second,is much greaer than theratio of the third to the
sum of the first and second. However, the product resulting from the ratio of the sum of
the first and secondto the third, with theratio of the third to the sum of thefirst and
send,isone whaoe. Hence the product resulting from the ratio of the sum of the first
and seaondto the third, with the ratio of the sum of the first and third to the second, is
greder than orewhale.

19. Problem: Theratio o the second,to what remains from the third after
subtrading df thefirst, isgiven number. Theratio of the third number to what remains
from the seacondafter subtrading df thefirst, is another given number. What is ead ore
of the numbers that med these mndtions?

Given A andB, findall X, Y and Z, such that Y/(Z-X) = A and Z/(Y-X) = B. Levi reducesthisto
Problem 18 bymaking an appropriate substitution.

It isappropriate to extrad threenumbers, acording to the previous procedure,
using the ratios given there. The first number will be the first number here. The sum of
the first and the second numbers, will be the second number here. The sum of the first
and the third numbers, will be the third number here.

For example, theratio of the seaondto what remains from the third after
subtrading df thefirst, is3whoe aaxdathird. Theratio o the third to what remains
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from the second after subtracting off thefirst, isthe number 6. Now extract three
numbers in the same fashion as before, using the given ratios. That is, the ratio of the
sum of the first and second to the third, is 3 whole and athird; and the ratio of the sum of
thefirst and third to the second, is 6 whole. Therefore, thefirst is 19, the second is 4 and
athird, and the thirdis 7. Accordingly, the first number hereis 19. Add 19 to the
second, to get 27 whole and athird, and thisis the second number here. Add 19 to the
third, to get 26, and thisis the third number here. And use thisasamodel. The reason
for thisis clear from the previous discussion.

And you can do here what you were able to do in the previous problem. That is, if
one of the numbersis known to you, then once you have extracted the numbers
corresponding to the unknown numbers, that meet these conditions, then you can figure
out the other unknown numbers, and you can also take advantage of all the previous
possibilities that provide enough knowledge to find the unknown numbers.

20. Problem: We add thefirst to the second, and the ratio of their sum to what
remains from the third after subtracting off the first, is a given number. When we add the
first to the third, the ratio of their sum to what remains from the second after subtracting
off thefirst, is another given number. What is each of the numbers that meet these
conditions?

Given (X+Y)/(Z-X) = A and (X+2)/(Y-X) =B, find all solutions X, Y and Z. Levi reducesthis
problem to Problem 18 and solves it with an appropriate substitution, as he did in Problem 19.

It is appropriate to extract three numbers in the previous fashion, using the given
ratios. Half of the first number is the first number here. The sum of the second and this
first, that is, half the previousfirgt, is the second number here. The sum of the third and
thisfirst, isthe third number here.

For example, the ratio of the sum of the first and second, to what remains from the
third after subtracting off the first, is4 whole and ahaf. Theratio of the sum of thefirst
and third, to what remains from the second after subtracting off the first, is5 whole. We
want to know: what is each of the numbers that meet these conditions?

We extract these three numbers in the previous fashion using the given ratios.
That is, the ratio of the sum of the first and second to the third, is4 and ahalf; and the
ratio of the sum of the first and the third to the second, is the number 5. Thusthefirstis
21 and ahalf, the second is 5 and a half, and the third is 6. Half of thefirstis10and 3
fourths, which isthefirst here. Add 10 and 3 fourths to the second, to get 36 and a
guarter, which is the second here. Add 10 and 3 fourthsto the third, to get 16 and 3
fourths, which isthe third here. And usethisasamodel. The reason for thisis clear
from the previous discussion.

After you know the numbers that meet these conditions, you can use them to find

the corresponding unknown numbers as we did before. That is, with information about
one of the corresponding numbers, the sum of two such numbers, or al other variations
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of information mentioned earlier, we can derive the corresponding unknown numbersto
the three given numbers.

21. Problem: Thefirst number plus agiven part of the sum of the second and
third numbers, equals the second number plus some other given part of the sum of the
first and third numbers. It also equals the third number plus another given part of the sum
of thefirst and the second numbers. One of the numbersis given. What are the rest of
the numbers?

Given A,Band C, and oneof X, Y or Z, find X, Y and Z, such that
X+(Y+Z)IA =Y + (X+2)/B = Z + (X+Y)/C.

Thisisaspecial case of the main result in Problem 17. It is comparatively concise and easy to
read. The only thing here not appearing in Problem 17, isabrief comment at the end, similar to
the commentsin Problems 18-20, on how to use the general solution to find particular solutions,
when given avariety of information about the unknown numbers.

The genera solutionis: X = C+(B-A)+(A-2)BC, Y =X + 2(B-A)(C-1) and Z = Y + 2(A-1)(C-B).
The particular solutions are computed by setting up the appropriate proportions with the general
solution.

It is appropriate to first extract the numbers that meet these conditions, according
to the method discussed in part one of this book. From your knowledge of one of the
corresponding unknown numbers, you can then learn al the corresponding unknown
numbers, each with respect to its corresponding known number. These numbers are what
were requested.

For example, the first with afourth of the rest, equals the second with a sixth of
therest. Thisalso equalsthe third with aninth of the rest. Aswas already explained in
part one of this book, the order of these three numbers is according to the order given
here. That is, the first isthe one added to the largest fraction of the rest, and the third is
the one added to the smallest fraction of the rest.

That is, he assumes that /A > 1/B > 1/C.

| am reminding you about this, so that you do not get confused about their order. The
second number is20. We want to know: what are the rest of the numbers? We aready
can derive that of the corresponding numbers meeting these conditions: thefirst is 119,
the second is 151, and the third is 169. The number corresponding to the second is 20.
We extract the other corresponding numbers based on thisratio. Accordingly, the
number corresponding to the first is 15 whole and 115 of 151 parts of one whole, and that
isthe first number here. The number corresponding to the third is 22 whole and 58 of
151 parts of one, and that is the third number here. These are the requested numbers, and
you can check thisif you wish.

Thisisright because the latter numbers are in proportion with the former

numbers. Therefore, the ratio of the first of the former numbers to the second of them,
equalstheratio of thefirst of the latter numbers to the second of them. Accordingly, the
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ratio of thefirst of the former numbersto the third, equals the ratio of thefirst of the latter
numbersto the third. By adding these together, we get that the ratio of the first of the
former numbers to the sum of the second and third of them, equals the ratio of the first of
the latter numbers to the sum of the second and third of them. Accordingly, the ratio of
thefirst of the former numbers, to a quarter of the sum of the second and third of them,
eguals theratio of the first of the latter numbers, to a quarter of the sum of the second and
third of them. By adding these together, we get that the ratio of thefirst of the former
numbers plus a quarter of the second and third of them, to the first of the former numbers,
equalstheratio of thefirst of the latter numbers plus a quarter of the second and third of
them, to the first of the latter numbers.

Similarly, the ratio of the second of the former numbers plus a sixth of the third
and first of them, to the second of the former numbers, equals the ratio of the second of
the latter numbers plus a sixth of the third and first of them, to the second of the latter
numbers. Similarly, theratio of the third of the former numbers plus a ninth of the rest of
them, to the third of the former numbers, equals the ratio of the third of the latter numbers
plus aninth of the rest of them, to the third of the latter numbers.

By exchanging them, the ratio of the first of the former numbers plus afourth of
the rest of them, to the first of the latter numbers plus a fourth of the rest of them, equals
the ratio of the first of the former numbers to the first of the latter numbers; the ratio of
the second of the former numbers plus a sixth of the rest of them, to the second of the
latter numbers plus a sixth of the rest of them, equals the ratio of the second of the former
numbers, to the second of the latter numbers; and the ratio of the third of the former
numbers plus a ninth of the rest of them, to the third of the latter numbers plus a ninth of
the rest of them, equals the ratio of the third of the former numbers, to the third of the
latter numbers.

However, theratio of thefirst of the former numbersto the first of the latter
numbers, equals the ratio of the second to the second, and equals the ratio of the third to
the third. Hence, the ratio of the first of the former numbers plus a fourth of the rest of
them, to the first of the latter numbers plus a fourth of the rest of them, equals the ratio of
the second of the former numbers plus a sixth of the rest of them, to the second of the
latter numbers plus a sixth of the rest of them, which equals the ratio of the third of the
former numbers plus a ninth of the rest of them, to the third of the latter numbers plus a
ninth of the rest of them. By exchanging, they will all berelated. But the former are all
equal so thelatter are all equal. And use thisasamodel.

Thus, with any knowledge of the unknown numbers, you can extract all the
unknown numbers corresponding to the three known numbers. That is, if you knew the
excess of one unknown over another, or the sum of two unknowns, or any similar kind of
knowledge, you could derive al the missing numbers, as we explained previoudly.
Comprehend and solve.

(Ed. 1) Theauthor writes. the sixth section of this volume is complete, and with
its completion, the book is complete. The praise goes exclusively to God. Its completion
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was at the start of Nissan of the 81 year of the 6" millenium, when | reached the 33" of
my years. Blessthe Helper.

(Ed. 2) The sixth section of this volume is complete, and with its completion, the
book iscomplete. The praise goes exclusively to God. Its completion was in the month
of Elul of the 82 year of the 6" millenium. Blessthe Helper.

[11. A Critical Edition of Problems 16-21

We present acritical edition in Hebrew of Problems 16-21 using all twelve extant
mss. For further discussion, please see part one of this critical edition, in the previous
issue of thisjournal.
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Appendix: List of the Theoremsfrom Part One of Maaseh Hoshev in the Two
Editions, with Brief Notes.

The regular numberingis from the first edition, and the numberingin parentheses is from the second.

1. The product of 2 numbersa and b, isa alded to itself b times.
(No prodf).

(@D} 2. The product of anumber a and another b=b; + b, + ... + b,isab; + ab, + ... + ab,.
(Proof just unravels the theorem using 1).

(2 3. Theproduct of 2 numbersa=a +a& + ... +tapand b=b; + b, + ... + b, is
alb1+ alb2+ .ot a.lbn +a2b1+agb2+ ...+aan + ---+3mbl+ 3mb2+ .ot men
(Proof just unravels the theorem using 2).

3 4. The product of anumber a=b + ¢ with bisequal to & + bc.
(Corollary of 2, proof isimmediate).

()]

. (al2 + b) squared is equal to (atb)b + (a/2)?
(Proof uses 3).

(4)

[¢)]

. (atb)? =& + b* + 2ab.
(Proof uses 3).

()

~

. (atb)?> = a(ath) + ab + b?
(Proof uses 3).

(6)

8. If a= b+c, then either (a/2)? = bc + (b —a/2)? or (a/2)* = bc + (c — a/2)2
(Proof uses 3. Does hot consider the negative cae.)

) 9. a(bc) = b(ad) = c(ab).
(Proof uses 1).

(8) 10. a(bcd) = b(ad) = c(abd) = d(abc).
(Proof usesinduction and 9, and expli citly implies a more general theorem,
that you can take any n numbers, and their product will be the same
as the product of any n-1 terms times the remaining term).

9) 11. a(bed) = (ag)(bd).
(Proof uses 10, and explicitly implies a more general theorem, that you can

take any n numbers, and their product will be the same & the product of
any n-2 terms times the product of the remaining two terms).

(10 12. a(by)(by)...(br) = by(@)(b2)(3) ... () = bx(a)(b1)(b3) ... (bn) = .= bn(@)(b)(b2)...(bn1).
(Completely generalizes 10and 11).

(1) 13 Theratio ((ag)(&)..(an)/((by)(02)...(br)) = (2/by) (&/D,) ... (&/bn).

(12 14. Theratio ((a1)(&)...(a))/((b1)(by)...(bn)) equalsthe product of a/b;, where eatii and
between 1 and n appeas exadly once

--- 15. If aisrelatively primeto b= (by)(by)...(b,), then aisrelatively primeto b, for al i from 1 to n.
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16. A number athat isrelatively primeto all the integers lessthan al] is prime.
(aisliteraly: Vx where x is the first square larger than a.)

17. If onetakes afradion of agiven number, and then afradion of the remainder and
continues arbitrarily, then the final remainder will be the same no matter what order the
fradions were taken. Also, the sum of all the pieces taken will be the same.

18. If one takes afradion of a given product, and then afradion of the remainder and
continues arbitrarily, then the final remainder will be the same no matter what order the
fradions were taken.

(13 19. The number of termsin the sum 1+ 2+ ... +n, isequal to the number of 1'sin n.

(19 20. The number of oddtermsin the sum 1+2+...+2n isequal to the number of even terms.

(15 21 Inthesum, n + (n+1) + (n+2) + ... + (n+m), the last term is m greaer than the first.

(16) 22. Inthesum (n-m) + (n-m+1) + ... + n + (n+1) +...+(n+m), the last term exceeds
the middle term by the amount that the middle term exceels the first term.

a7 23. Inthe sum (n-m) + (n-m+1) + ... + n + (n+1) +...+(n+m), thefirst term is odd
iff thelast termisodd

(18) 24. If al=c-b, thenatb = c+1.
(29 25. If ac = c-b then a+b = 2c.

(20 26. 1+2+..+n, whereniseven, isequal to (n/2)(n+1).
(Literaly, half the number of terms times the number of terms plus 1. Proof works
fromoutside in, in pairs $rowingthat ead pair sumsto n+1,and there ae n/2 pairs).

(2D 27. 1+2+..+n, wherenisodd is equd to ((n+1)/2)n.
(Literaly the midd e term times the number of terms. Proof works from inside out,
in pairs sowing that ead pair sumsto twicethe midde term.)

(22 28. 1+2+...+n, wherenisodd isequa to (n/2)(n+1).
(Literaly, half the last term times the number after the last term.
Proof uses propartions, algebralike idea and 21).

(23)  29. 1+3+5+..+(2n-1) = n?
(Literaly, the square of the middle term. Provesit first for an odd number of terms,
then an even number).
(24) 30, (1+2+..4n)+(1+2+.. +n+(n+1)) = (n+1)2
(25) 31 2(1+2+..+n) = n’+n.
(Proof uses 30).
(Corollary: Thesum 1+2+ .. + n=n%2 + n/2.)

(26) 32 1+ (1+2) +(1+2+3) + ... + (1+2+..+n) = 22+4%+6%+.. +n%, neven; and 1°+3%+5%+..+n?, n odd
(Proof uses 30).

(27) 33, (1+2+3+..+n)+(2+3+4+.. +n)+ ...+ n = 1%42%4+3%+. +n’
(Proof uses a munting argument).
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(28) 34. (1+2+3+...+n)+(2+3+4+...+n)+ ... + n+1+(1+2)+(1+2+43) + ... + (1+2+...+(n-1)) = n(1+2+3+...+n)
(Proof uses a counting argument).

(29)  35. (n+1)*n?- (n+1+n) = 2n?
(30) 36. (1+2+3+...+n)+(2+3+4+...+n)+ ... + n - (L+2+3+...+n) =
2(2°+4%+6%+...+(n-1)%), n-1 even; and 2(12+3%+5%+...+(n-1)%), n-1 odd.
(Proof uses 33 and 35).

(31)  37. n(1+2+3+..+(nt+1)) = 3(1%+3%+5%+...+n?), n odd; and 3 (22+4%+6°+...+n?), n even.
(Proof uses 32, 34 and 36).

(32)  38. (n-(1/3)(n-1)) (1+2+3+...+n) = 1%42%+3%+.. +n°
(Proof uses 32, 33, 34 and 37).

(33)  39. (n*-n)/2 = (1+2+...+(n-1))
(Proof uses 30).

(34)  40. (n*-n)/2 + n=(1+2+...4n)
(Proof uses 30).

(35) 41 (1+2+3+..+n)? = n®+ (1+2+3+...+(n-1))?
(Proof uses 30 and 6).

(36)  42. (1+2+3+..+n)% = 13+2%+3%+ . +n°
(Proof by induction using 41).

(37)  43. Let m= 1+2+3+...+n, then 13+2°+3%_+n® = 1+3+5+...+(2m-1).
(38) 44. ab+a= (b+1)a, and ab+b = (a+1)b.
(39 45. Given a<b<c, then c(b-a)+a(c-b) = b(c-a).

(40) 46. Given 2<a<b, then 2(a-2)(b-1)+b+(a-2)+(b-a) = 2(a-1)(b-1).
(Minor differencesin the two editions).

(41)  47. Given a<b, then ba+(b-a) = (a-1)(b-1)+b+(b-1).

(42 48. Given 2<a<b, then 2(b-1)(a-2)+b+(a2)+(b-a) = (a-1)b+(a-2)(b-1)+(b-a).
(Minor differencesin the two editions).

(43) 49. Given a<b<c, and d=a-2, then 2(c-1)(b-a)+cd+(c-1)d+c+(b-a)+(c-b) = 2(b-1)(c-1).
(Minor differencesin the two editions).
(Generalizes 46).

(44) 50. Given a<b<c, and d=a-2, then 2(c-1)(b-a)+(ch)d+(c-b)(a-1)+c+(b-a) = (b-1)(c-1)a
(Major differences in the two editions).

(45) 51. Given a<b<c, then (c-1)(b-a)+c+(b-a) = c(b-a+1).
(46) 52. Given a<b<c, then (c-1)(b-a)+(a-1)(c-b)+c+(b-a) = b(c-a+1).
(47-8) 53. Find x,y,z such that x+(y+2z)/a = y+(x+z)/b = z+(x+y)/c, where a<b<c...

(49) 54. Find x, such that fractions of x minus smaller fractions of x, equals a.
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(50) 55. Given that x + big fractions of x is smaller thany + small fractions of v,
find z, such that x + big fractions of z+y, equalsy + small fractions of z+x.

(51)  56. Findx, such that given fractions of x, equal other given fractions of a
(52)  57. Findx,y, such that x + fractions of y, equalsy + other fractions of x.
(53)  58. Findx,y,z suchthat x+z = ay and y+z = bx.

(54) 59, (a)*(@)(8)*(a)" = ((an)(2)(2a)--(a)’

(55 (ab’)(ac’) = (abo)®

(568)  60. (a)*(2)*(8)°...(8)° = ((@n)(2) ().~ (&)’

(56b) (ab’)(&c?) = (abe)®

(57)  61. ab’+ba’ = ab(ath)

(58)  62. (at+b)® = a*+3ab(at+b)+b®

(59) 63. Pn.1 = (n+1)P,, where P, isthe number of different waysto order n elements.
(Corollary: P,=n!).

(60) 64. P,,=n(n-1), where P, is the number of ways to order m elements out of n.

(62) 65. Pymir = Pam (N-m).
(Corallary: P,y = nl/(n-m)! = n(n-1)(n-2)...(n-(m+1))).

(62) 66. Pym = CymPm, Where C,, , is the number of ways to choose m elements out of n
without regard to order.

(63) 67. Com= Pom/Pm

(64) 68. Chnm=Chm.
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